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Abstract. We apply the technique of locahzation for vertex algebras to the Segal- 
Sugawara construction of an "internal" action of the Virasoro algebra on affine Kac- 
Moody algebras. The result is a lifting of twisted differential operators from the 
moduli of curves to the moduli of curves with bundles, with arbitrary decorations 
and complex twistings. This construction gives a uniform approach to a collection 
of phenomena describing the geometry of the moduli spaces of bundles over varying 
curves: the KZB equations and heat kernels on non-abelian theta functions, their 
critical level limit giving the quadratic parts of the Beilinson-Drinfeld quantization 
of the Hitchin system, and their infinite level limit giving a Hamiltonian description 
of the isomonodromy equations. 



1. Introduction. 

1.1. Uniformization. Let G be a complex connected simply-connected simple alge- 
braic group with Lie algebra q, and X a smooth projective curve over C. The geometry 
of G-bundles on X is intimately linked to representation theory of the affine Kac- 
Moody algebra g, the universal central extension of the loop algebra Lg = g (8) 3C, where 
X = C((t)). More precisely, let G(0), where = C[[t]], denote the positive half of 
the loop group G{X). There is a principal G(0)-bundle over the moduli space (stack) 
BunG{X) of G-bundles on X, which carries an infinitesimally simply transitive action 
of Lg. This provides an infinitesimal "uniformization" of the moduli of G-bundles. 
Moreover, this uniformization lifts to an infinitesimal action of g on the "determinant" 
line bundle C on BunQ^X), whose sections give the nonabelian versions of the spaces 
of theta functions. 

The geometry of the moduli space Tlg^i of smooth pointed curves of genus g is 
similarly linked to the Virasoro algebra Vir, the universal central extension of the 
Lie algebra Der3C of derivations of % (or vector fields on the punctured disc). Let 
Aut denote the group of automorphisms of the disc. Then there is a principal Aut 0- 
bundle over OJl^^i which carries an infinitesimally transitive action of Der3C. This 
uniformization lifts to an infinitesimal action of the Virasoro algebra on the Hodge line 
bundle "K on 

These uniformizations can be used, following |BB[ IBSj . to construct localization 
functors from representations of the Virasoro and Kac-Moody algebras to sheaves on 
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the corresponding moduli spaces. Using these localization functors, one can describe 
sheaves of modules over (twisted) differential operators, as well as sheaves on the cor- 
responding (twisted) cotangent bundles over the moduli spaces. The sheaves of twisted 
differential operators and twisted symbols (functions on twisted cotangent bundles) 
themselves are particularly easy to describe in this fashion: they are the localizations 
of the vacuum modules of the respective Lie algebras. 

The Virasoro algebra acts on the Kac- Moody algebra via its natural action by deriva- 
tions on the space % of Laurent series. Therefore we form the semidirect product 
Q = Vir K g, which uniformizes the moduli stack BunG,g,i classifying G-bundles over 
varying pointed curves of genus g. There is now a two-parameter family of line bun- 
dles Jik,c oil which the (two-parameter) central extension g acts, and the corresponding 
two-parameter families of sheaves of twisted differential operators and twisted symbols. 
Thus it is natural to look to the structure of g for information about the variation of 
G-bundles over the moduli of curves. 

1.2. The Segal- Sugawara construction. The interaction between the variation of 
curves and that of bundles on curves is captured by a remarkable feature of affine 
Kac-Moody algebras, best seen from the perspective of the theory of vertex algebras. 
The Segal-Sugawara construction presents the action of the Virasoro algebra on g as an 
internal action, by identifying infinite quadratic expressions in the Kac-Moody genera- 
tors which satisfy the Virasoro relations. More precisely, the Virasoro algebra embeds 
in a certain completion of Uq, and hence acts on all smooth representations of g of 
non-critical levels. Prom the point of view of vertex algebras, the construction simply 
involves the identification of a conformal structure, i.e., a certain distinguished vector, 
in the vacuum module over g. 

Our objective in this paper is to draw out the different geometric consequences of 
this construction in a simple uniform fashion. Our approach involves four steps: 

• We consider the Segal-Sugawara construction as defining a G(0)-invariant em- 
bedding of the vacuum module of the Virasoro algebra into the vacuum module 
of the Virasoro-Kac-Moody algebra g. 

• Twists of the vacuum modules form sheaves of algebras on the relevant mod- 
uli spaces, and the above construction gives rise to a homomorphism of these 
sheaves of algebras. 

• The sheaves of twisted differential operators on the moduli spaces are quo- 
tients of the above algebras, and the vertex algebraic description of the Segal- 
Sugawara operators guarantees that the homomorphism descends to a homo- 
morphism between sheaves of differential operators. 

• All of the constructions vary flatly with respect to the Kac-Moody level and 
the Virasoro central charge and possess various "classical" limits which may be 
described in terms of the twisted cotangent bundles to the respective moduli 
spaces. 

Our main result is the following theorem. Let 11 : BunG,g 9Jlg denote the pro- 
jection from moduli of curves and bundles to moduli of curves, k,c E C (the level 

A/ dim ^ 

and charge), /Xg = /i^dimg and = c — — — —. We denote by D^^c^ "^k/mg^ 
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Dcj. respectively the corresponding sheaves of twisted differential operators on Buncg, 
relative to Tig, and on Tig. The sheaves of twisted symbols (functions on twisted 
cotangent bundles) with twists A, /u on Tig and Bunc^g are denoted by 0{T^ ^Buncg) 
and 0{T^^Tlg), respectively. 

1.2.1. Theorem. 

(1) Let k,c £ C with k not equal to minus the dual Coxeter number h"^ . There is a 
canonical homomorphism of sheaves of algebras on Tig, 

and an isomorphism of twisted D -modules on Bunc^g 



(2) Let c S C, /c = — /i^. There is an algebra homomorphism 

o(r;^97i)^n,2)_;,v,,. 

(3) For every A,/i € C there is a (X-Poisson) homomorphism 

Oin^Tlg) UMTl.Bnncg). 

1.2.2. Moreover, the homomorphisms (2) and (3) are suitably rescaled limits of (1). In 
fact we prove a stronger result, valid for moduli of curves and bundles with arbitrary 
"decorations". Namely, we consider moduli of curves with an arbitrary number of 
marked points, jets of local coordinates and jets of bundle trivializations at these points. 
(For the sake of simplicity of notation, we work with the case of a single marked point 
or none - the multipoint extension is straightforward.) 

1.3. Applications. The homomorphism (1) allows us to lift vector fields on Tig to 
differential operators on Bunc^g, which are first order along the moduli of curves and 
second order along moduli of bundles. In the special case of A: G Z+ and no decorations, 
this gives a direct algebraic construction of the heat operators acting on non-abelian 
theta functions (the global sections of iLk,c along BundX)) constructed by different 
means in |ADW[ IHi2l IBKl IFalj . Our approach via vertex algebras makes clear the 
compatibility of this heat equation with the projectively flat connection on the bundle 
of conformal blocks coming from conformal field theory ( |TUY| FFrSj ) — the Knizhnik- 
Zamolodchikov-Bernard equations, or higher genus generalization of the Knizhnik- 
Zamolodchikov equations, |KZj . This compatibility has also been established in |Laj . 
The important feature of our proof which follows immediately from part (1) of the 
above theorem is that the heat operators depend on two complex parameters k and c, 
allowing us to consider various limits. This answers some of the questions raised by 
Felder in his study of of the general KZB equations over the moduli space of pointed 
curves for arbitrary complex levels (see |Felj . § 6). 

The geometric significance of the two classical limit statements (2), (3) comes from 
the identification of the twisted cotangent bundles of Tig and BunG(X) as the moduli 
spaces T^Tlg = Vroj g of algebraic curves with projective structures and T^BundX) = 
Conn of G-bundles with holomorphic connections, respectively. As the parameter 
k approaches the critical level — /i^, the component of the heat kernels along the moduli 
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of curves drops out, and we obtain commuting global second order operators on the 
moduli BunG'(X) (for a fixed curve X) from linear functions on the space of projective 
structures on X. Thus we recover the quadratic part of the Beilinson-Drinfeld quanti- 
zation of the Hitchin hamiltonians (see [BDlJ) in part (2). When we take k, c to infinity 
in different fashions, we obtain the classical limits in part (3). For A,/x = (i.e., as the 
symbols of our operators) we recover the quadratic part of the Hitchin integrable sys- 
tem |Hilj . namely, the hamiltonians corresponding to the trace of the square of a Higgs 
field. For A 7^ we obtain a canonical (non-affine) decomposition of the twisted cotan- 
gent bundle T^^Bunc = E-xConUfj^g, the space of extended connections f |BS[ IBZB2j ). 
into a product over ^JJtg of the spaces of projective structures and flat connections. This 
recovers a construction of Bloch-Esnault and Beilinson |BEj . (This decomposition is 
also described from the point of view of kernel functions in |BZBlj . where it is related 
to the Klein construction of projective connections from theta functions and used to 
give a conjectural coordinate system on the moduli of bundles.) 

For A ^ 0, the homomorphism (3) gives a Hamiltonian action of the vector fields on 
^Mg on the moduli space of flat G-bundles. This gives a time-dependent Hamiltonian 
system (see |M])) or flat symplectic connection, on the moduli Conncg of flat connec- 
tions, with times given by the moduli of decorated curves. By working with arbitrary 
level structures, we obtain a similar statement for moduli spaces of connections with 
arbitrary (regular or irregular) singularities. We show that this is in fact a Hamiltonian 
description of the equations of isomonodromic deformation of meromorphic connections 
with respect to variation of the decorated curve. In particular, since all of the maps of 
the theorem come from a single multi-parametric construction, Theorem 11.2.11 imme- 
diately implies the following picture suggested by the work of |LOj (see also P), with 
arrows representing degenerations: 

Quadratic Hitchin System < — Isomonodromy Equations 

T T 

Quadratic Beilinson-Drinfeld System < — Heat Operators/KZ Equations 

Namely, the isospectral flows of the Hitchin system arise as a degeneration of the 
isomonodromy equations as A ^ (see also Kr ) , and the isomonodromy Hamiltonians 
appear as a degeneration of the KZB equations, previously proved for the Schlesinger 
equations (isomonodromy for regular singularities in genus zero) in |Resj (see also |Har j ) . 

1.3.1. Outline of the paper. We begin in Section [21 with a review of the formalism 
of localization and the description of twisted differential operators and symbols from 
vacuum modules following BB_ . We then apply this formalism in the special case when 
the Lie algebras are the affine Kac-Moody and the Virasoro algebras. First, we review 
the necessary features of these Lie algebras in Section 01 Theorem 13.3.41 provides the 
properties of the Segal-Sugawara construction at the level of representations. Next, 
we describe in Section |31 the spaces on which representations of these Lie algebras 
localize. These are the moduli stacks of curves and bundles on curves. In Section 
we describe the implications of the Segal-Sugawara constructions for the sheaves of 
differential operators on these moduli spaces. Finally, we consider the classical limits 
of the localization and their applications to the isomonodromy questions in Sectional 
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2. Localization. 

In this section we review the localization construction for representations of Harish- 
Chandra pairs as modules over algebras of twisted differential operators or sheaves on 
twisted cotangent bundles. In particular we emphasize the localization of vacuum rep- 
resentations, which give the sheaves of twisted differential operators or twisted symbols 
(functions on twisted cotangent bundles) themselves. 

2.1. Deformations and limits. We first review the standard pattern of deformations 
and limits of algebras (see |BBj ). 

First recall that by the Rees construction, a filtered vector space B = \J - Bi has a 
canonical deformation to its associated graded gr B over the affine line = Spec C [A] , 
with the fiber at the point A isomorphic to B for A 7^ 0, and to gr B for A = 0. The 
corresponding C[A]-module is just the direct sum 0^ Bi, on which A acts by mapping 
each Bi to -Bj+i. 

Let g be any Lie algebra. The universal enveloping algebra Ug has the canonical 
PBW filtration. The Rees construction then gives us a one-parameter family of algebras 
UxQ, with the associated graded algebra UqQ = Symg being the symmetric algebra. The 
A-deformation rescales the bracket by A, so that taking the A-linear terms defines the 
standard Poisson bracket on the Symg = C[g*]. 

Let 

be a one-dimensional central extension of g. We define a two-parameter family of 
algebras 

Uk^x9 = Uxg/{l-k-l), 

which specializes to U\g when k = 0. When A = 1 we obtain the family UkQ of level k 
enveloping algebras of g, whose representations are the same as representations of g on 
which 1 acts by k ■ Id. This family may be extended to {k, A) £ x A"^, by defining a 
C[k, A;~^]-algebra 

c/ = eQ^ {Uk,xQ)<i 

and setting 

Uoo,xe = u/k-W. 

Equivalently, we consider the C[/c~^] -lattice A inside U^^x (for k ^ \ 0) generated 
by 1 and x = for a; € g. The algebra C/oo,aS is then identified with A/k^^A. (Note 
that the algebras 17^^x9 may also be obtained from the standard A-deformation of the 
filtered algebras UkQ = Uk^iQ-) 

Let us choose a vector space splitting g = g CI, so that the bracket in g is given 
by a two-cocycle (•, •) on g: 

[x,y]g = [x,y]g + (x,y) • 1 
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for G C Q. If we let x denote for x G g C g, the algebra Uk^xQ may be 
described as generated by elements x,x £ g and 1, with the relations 

In particular, in the limit /c ^ oo we obtain a commutative algebra 

f^oo,A0 = Sym;, Q = Sym 0/ (1 - A) 

with a Poisson structure. 

The algebra Sym^^g is nothing but the algebra of functions C[0^] on the hyperplane 
in 0* consisting of functionals, whose value on 1 is A. The functions on 0* form a 
Poisson algebra, with the Kirillov-Kostant Poisson bracket determined via the Leibniz 
rule by the Lie bracket on the linear functionals, which are elements of itself. Since 
1 is a central element, Sym;^0 inherits a Poisson bracket as well. 

Thus, we have defined a two-parameter family of "twisted enveloping algebras" U^^xQ 
for {k,X) € X specializing to UkQ for A = 1 and to the Poisson algebras Sym;^0 
for A: = oo. The algebras UkfiQ with A = are all isomorphic (as Poisson algebras) to 
the symmetric algebra Sym0. 

2.1.1. Harish- Chandra pairs. We now suppose that the Lie algebra is part of a Harish- 
Chandra pair (g,K). Thus K is an algebraic group, and we are given an embedding 
^ = LieK C and an action of -ftT on compatible with the adjoint action of -fT on t 
and the action of € on g. Suppose further that we have a central extension 0, split over 

Then the action of K lifts to and (g, K) is also a Harish-Chandra pair. 

It follows that the subalgebra of U^^xQ generated by the elements x for x G t is 
isomorphic to Ux/k^, degenerating to Symt for A = or A = oo. Moreover, the action 
of 6 on Uk,x9 given by bracket with x = jx preserves the lattice A and thus is well- 
defined in the limit k = oo. (In this limit the action is generated by Poisson bracket 
with t C Symt C Symjj^g.) In particular 6 acts on Uk^xQ for all {k, A) G P-*^ x A^, and so 
it makes sense to speak of {Uk^xQ: i^)-modules. 

2.2. Twisted differential operators and twisted cotangent bundles. We review 
briefly the notions of sheaves of twisted differential operators and of twisted symbols 
(functions on twisted cotangent bundles) following |BBj . 

Let M be a smooth variety equipped with a line bundle £j. The Atiyah sequence of 
£ is an extension of Lie algebras 

where is the Lie algebroid of infinitesimal automorphisms of XL, Qm is the tangent 
sheaf, and the anchor map a describes the action of 7^ on its subsheaf Om- 

We can generalize the construction of the family of algebras Uk,x9 from Section 12.11 
to the Lie algebroid 7^. We first introduce the sheaf of unital associative algebras 
generated by the Lie algebra T^, with 1 G Om C T^, identified with k times the unit. 
Due to this identification, T)k is naturally a filtered algebra. Thus we have the Rees 
A-deformation Dfc,A from to its associated graded algebra at A = 0. Specializing 
to A = we obtain the symmetric algebra SymBjvf with its usual Poisson structure. 
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independently of k. We may also define a limit of the algebras D^^x as k goes to infinity. 
In order to do so we introduce a C[k, A;~^]-algebra D;^ j. as 



This algebra is commutative, and hence inherits a Poisson structure from the deforma- 
tion process. 

2.2.1. Twisted differential operators. Consider the sheaf T>{Zj) of differential operators 
acting on sections of L. This is a sheaf of filtered associative algebras, and the associated 
graded sheaf is identified with the sheaf of symbols (functions on the cotangent bundle) 
as Poisson algebras. Similarly, the sheaf of differential operators D{£j^^) for any integer 
k is also a sheaf of filtered associative unital 0-algebras, whose associated graded is 
commutative and isomorphic (as a Poisson algebra) to the sheaf of functions on T*M. 
The sheaf defined above for an arbitrary k e C shares these properties, which 
describe it as a sheaf of twisted differential operators. For A; G Z there is a canonical 
isomorphism of sheaves of twisted differential operators = D(£®'^). In particular, 
the subsheaf 2)(£-®'^)<i of differential operators of order at most one is identified with 
the subsheaf (l)fe)<i, which is nothing but 7jc with the extension rescaled by k. The 
sheaf Dfc for general k may also be described as a subquotient of the sheaf of differential 
operators on the total space of the complement of the zero section in L (namely, 
as a quantum reduction by the natural action of C^). 

2.2.2. Twisted cotangent bundles. Wc may also associate to £ a twisted cotangent bun- 
dle of M. This is the affine bundle QonnL of connections on which is a torsor for 
the cotangent bundle T*M. For A G C we have a family of twisted cotangent bundles 
T^M, which for A G Z are identified with the T*M-torsors ConniL®'^ of connections 
on Let XL^ denote the principal -bundle associated to the line bundle L. Then 
the space T^M is identified with the Hamiltonian reduction (at A G C = (LieC^)*) of 
the cotangent bundle T*£^ by the action of . In particular, T^M carries a canonical 
symplectic structure for any A. 

Thus the twisted symbols, i.e., functions on T^M (pushed forward to M) form a 
sheaf of OM-Poisson algebras O(Tj^M). Its subsheaf of affine functions 0(r{M)<i on 
the affine bundle T^M forms a Lie algebra under the Poisson bracket. It is easy to 
check that there is an isomorphism of sheaves of Poisson algebras DoojA — 0{T^M), 
identifying 0(r{M)<i with Tx: (with the bracket rescaled by A). 

Thus to a line bimdle we have associated a two-parameter family of algebras D/f.^^ 
for (A;, A) G P"*^ x A^. This specializes for A; G Z,A = 1 to the differential operators 
D(i:®'=), for A = and k arbitrary to symbols 0{T*M), and for A; = cx), A G Z to the 
Poisson algebra of twisted symbols, 0(Conn£®^). 




i=0 



and define the limit algebra 



oo,A 
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2.3. Localization. In this section we combine tlie algebraic picture of Section [2. II with 
the geometric picture of Section [2?2l following |BB| IBDl] (see also |FBj . Ch. 16). 

Let Q,Q,K be as in Section l2!Tl We will consider the following geometric situation: 
9Jt is a smooth scheme equipped with an action of {q,K), in other words, an action of 
the Lie algebra g on OJl which integrates to an algebraic action of the algebraic group K. 
Let Tl = Tl/K be the quotient, which is a smooth algebraic stack, so that vr : — > 9Jl 
is a X-torsor. Thus if the q action on DJt is infinitesimally transitive, then given x G SDT 
and X £ dJl its /C-orbit, the formal completion of 9Jl at x is identified with the double 
quotient of the formal group exp(g) of g: by the formal group exp(t) of t on one side, 
and the formal stabilizer of x on the other. 

Let a denote a X-equivariant line bundle on 9Jt and the corresponding line bundle 
on OJl. We assume that the action of g on 9Jl lifts to an action of g on , so that 1 acts 
as the identity. For /c, A G x A^, we have an algebra Uk^xQ from Section [2.11 and a 
sheaf of algebras D^^a on Tt from Section [T^ The action of g on XL matches up these 
definitions: we have an algebra homomorphism 

This may also be explained by reduction. Namely, g acts on the total space £^ of the 
-bundle associated to XL. Therefore Uq maps to differential operators on XL^. It also 
follows that g acts in the Hamiltonian fashion on r*XL^, so that Symg maps in the 
Poisson fashion to symbols on . The actions of UkQ — »■ T)k and Sym^^g — > 0(T^9H) 
are then obtained from the quantum (respectively, classical) Hamiltonian reduction 
with respect to the action on XL^ and the moment values k (respectively. A). 

2.3.1. Localization functor. The action of the Harish-Chandra pair (g, K) on DJt and XL 
may be used to construct localization functors from (g, ii')-modules to sheaves on DJt. 
Let M be a C/fc^Ag-module with a compatible action of K. We then consider the sheaf 
of Dfc^A-modules 

A(M) = Dfc,A (S) M 

Uk,xS 

on dJl, whose fibers are the coinvariants of M under the stabilizers of the g-action on 
XL^ . (By our hypotheses, these lift to g the stabilizers of the g-action on 971.) The sheaf 
A(M) is a K-equivariant D^^A-module, and so it descends to a Djt^A^module Ak^x{M) 
on 971, the localization of M: 

Ak,x{M) = {7T,{Vk,x C5 M)f. 

Uk,\S 

Equivalently, we may work directly on 971 by twisting. Let 

M = mxM = 7r*(0gj M)^ 

denote the twist of M by the ii'-torsor 97t over 971 (i.e., the vector bundle on 971 
associated to the principal bundle 971 and representation M). Then there is a surjection 



(2.3.1) 



M ^ Ak,x{M), 



GEOMETRIC REALIZATION OF THE SEGAL-SUGAWARA CONSTRUCTION 



9 



and Ak^x(M) is the quotient of M by the twist (gstab)^ C (0)gj of the sheaf of stabi- 
Uzers. 

2.3.2. Remark. The localization functor A^^a "interpolates" between the localization 

Afc : (UkQ, K) - mod — - mod 
as modules for twisted differential operators, and the classical localization 
Aa : (Sym;, g, K) - mod — > (T^* m) - mod 

as quasicoherent sheaves on T^QJl. The latter assigns to a module over the commutative 

ring Sym;^0 a quasicoherent sheaf on T^SJt via the embedding of Sym_;^g into global 
twisted symbols. This X-equivariant sheaf descends to where it becomes a module 
over the sheaf of twisted symbols 0(r^9Jt) and therefore we obtain a sheaf on the 
twisted cotangent bundle. 

2.4. Localizing the vacuum module. The fundamental example of a (g, i^)-module 
is the vacuum module 

Ve,x = Ind[;fC = C/g/(C/g-t) 

(we will denote it simply by V when the relevant Harish-Chandra pair (g, K) is clear). 
The vector in Vq^k corresponding to 1 G C is denoted by |0) and referred to as the 
vacuum vector. It is a cyclic vector for the action of g on V^^k- The vacuum repre- 
sentation has the following universality property: given a ^-invariant vector m G M 
in a representation of g, there exists a unique g-homomorphism m* : V^^k M with 
m*(|0)) = m. 

An important feature of the localization construction for Harish-Chandra modules 
is that the sheaf of twisted differential operators itself arises as the localization 
A(Vg i^) of the vacuum module. This is a generalization of the description of differential 
operators on a homogeneous space G/K as sections of the twist 

K 

by the X-torsor 'S'k = G over G/K. Informally, the general statement follows by 
applying reduction from G/K to 9Jt, which is (formally) a quotient of the formal ho- 
mogeneous space exp(g)/ exp(l). 

Recall that tt : Tl ^ Tl denotes a K-torsor with compatible g-action. We assume 
K is connected and afiine. In particular, the functor tt* is exact. 

2.4.1. Proposition. 

(1) The twist V = ^Xlt x V , its subsheaf of invariants = Ogjj (8> , and the 

localization A{V) are sheaves of algebras on 971. 

(2) The localization A(l/) is naturally identified with the sheaf D of differential 
operators on OJt. 

(3) The natural maps 

Om^V^ ^ A{V) = Dm 

are algebra homomorphisms. 
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(4) For any [q^K] -module M, the sheaves 

Oot (g) — >M — > A(M) 
are modules over the corresponding algebras in (3). 

2.4.2. Proof. The vector space = \Uq/Uq ■ i]^ is naturally an algebra, isomorphic 
to the quotient N{I)/I of the normalizer N{I) of the ideal I = Uq ■ t hy I. It is also 
isomorphic to the algebra (Endg(y))°PP (with the opposite multiplication), thanks to 
the universality property of V, and thus to the algebra of endomorphisms of the functor 
of iC-invariants (with the opposite multiplication). Hence Ogjt® is an Ojjjj-algebra. 

The sheaf 0^ (8) C/g is a sheaf of algebras, where Uq acts on 0^ as differential 
operators, and so is yi = 7r^,(0^ ® Ug). Let 3C be the sheaf of 05rrt~Lie algebras 
7r*(0^ i) (note that the action of i on Ogj is 7r~^(0jOT)-liiiear). Then we have 

V = [MOwi®v)f 

= [A/ A ■ X]^, 

which is thus a sheaf of algebras (again as the normalizer of an ideal modulo that ideal). 



On the other hand, the localization 

m 



A{V) = [MV^®u,V)f 



= Kan 

since X is the sheaf of vertical vector fields. This is in fact the common description of 
differential operators on a quotient as the quantum hamiltonian (BRST) reduction of 
differential operators upstairs. The obvious maps are compatible with this definition 

of the algebra structures. This proves parts (l)-(3) of the proposition. 

Finally, for part (4), observe that the J7g-action on M descends to a V-action on M, 
since the ideal X acts trivially on the OC-invariants M = 7r*(0j^ (g) M)^. Equivalently, 

the Lie algebroid SDt x g on 93t acts on the twist M, and the action descends to the 

K 

quotient algebroid 9Jt x a/t, which generates V. The compatibility with the actions of 

K 

invariants on and of the localization D on the D-module A{W) follow. 

2.4.3. Corollary. The space of invariants is naturally a subalgebra of the algebra 
r(9Jt, D) of global differential operators on dJl. 

2.4.4. Changing the vacuum. Let K C K he a normal subgroup. Then a minor varia- 
tion of the proof establishes that the twist of if-invariants ^ V is a subalgebra. 
Note moreover that depends only on the induced K/ K-torsor = (K/ if )^: 

V^ = ^x^/^F^. 

Now suppose {a,K) is a sub-Harish-Chandra pair of iQ,K) (i.e. 6 C a C g). Then 
we have the two vacuum modules V = Vg^K ^ Va,K and the module Vg^a = Ind^C, 
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which is not hterally the vacuum module of a Harish-Chandra pair unless a integrates 
to an algebraic group. 

By Proposition 12.4.11 the twist V^^k and the localization A(Va^K) ~ with respect 
to the Harish-Chandra pair (a, K) - are sheaves of algebras, and act on V and A(y) 
respectively. We then have 

2.4.5. Lemma. The quotients V / (V o,nd A{V) / {A{Va.K) ■ ^^iy)) are isomorphic, 
respectively, to the twist Vg^a ind the localization A(Vg^a) with respect to the Harish- 
Chandra pair (g, K). 

2.4.6. Twisted and deformed vacua. In general, we define the twisted, classical and 
deformed vacuum representations Vfc(g), ^a(0) and V^^a of C/^g, Sym_>^g and Uk^xQ, 
respectively, as the induced representations 

Vk = UkQ^C 
ut 

Vx = Sym^g (g) C 

Sym t 

Vk,x = Uk,x9 ® C, 

where we use the observation (Section I2.1.1|) that U^t is isomorphic to Ut for k ^ oo 
and to Sym 6 for k = oo. All of these representations carry compatible iC-actions. 

We then have a general localization principle, describing twisted differential operators 
and twisted symbols on 9Jt in terms of the corresponding vacuum representations. The 
proof of Proposition I2.4.T1 generalizes immediately to the family Vk^x over x A^. 
This is deduced formally from the analogous statement for homogeneous spaces G/K, 
twisted by an equivariant line bundle. In that case the algebra of functions on the 
cotangent space T*G/K\ik = (g/^)* is identified with 

Fo = Sym(g/6) = Symg ® C, 

Symt 

and sections of the twist of Vq give the sheaf of functions on T*G/K. Note that Vx is a 
(commutative) algebra; however, it only becomes Poisson after twisting or localization. 
To summarize, we obtain the following 

2.4.7. Proposition. The localization Ak^xiyk,x) is canonically isomorphic to the sheaf 
of algebras Dfe,A, for {k,X) e x A^. In particular Afc(Vfc) = Dfe, and Ax{Vx) = 
0(T^9JI) as Poisson algebras. 

3. Virasoro-Kac-Moody Algebras. 

In this section we introduce the Lie algebras to which we wish to apply the formal- 
ism of localization outlined in the previous sections. These are the affine Kac-Moody 
algebras, the Virasoro algebra and their semi-direct product. We describe the Segal- 
Sugawara construction which expresses the action of the Virasoro algebra on an affine 
algebra as an "internal" action. We interpret this construction in terms of a homo- 
morphism between vacuum representations of the Virasoro and Kac-Moody algebras, 
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and identify the critical and classical limits of these homomorphisms. In the subse- 
quent sections we will use the localization of this construction to describe sheaves of 
differential operators on the moduli spaces of curves and bundles on curves. 

3.1. Virasoro and Kac-Moody algebras. Let g be a simple Lie algebra. It carries 
an invariant bilinear form (•, •) normalized in the standard way so that the square length 
of the maximal root is equal to 2. We choose bases {J'^},{Ja} dual with respect to this 
bilinear form. The affine Kac-Moody Lie algebra g is a central extension 

of the loop algebra Lg = g (g) 3C of g, with (topological) generators { = J"" ® t"-}nez 
and relations 

(3.1.1) [J^, Jt] = [J^ An+m + {r, j')Sn,-mK. 

The central extension splits over the Lie subalgebra g(0) C g(3C) (topologically spanned 
by J^,n > 0), so that the affine proalgebraic group G(0) acts on g. Thus we have a 
Harish-Chandra pair (g, G(0)). We denote by 

Vk = Vk{Q) = UkQ C 

the corresponding vacuum module (see Section 12. 4|) . More generally, let m C denote 
the maximal ideal iC[[t]]. Let gn(0) = g^m" C g(0) denote the congruence subalgebra 
of level n, and G„(0) C G(0) the corresponding algebraic group, consisting of loops 
which equal the identity to order n. We denote by 

the vacuum module for (g, G„(0)). 

Let Vir denote the Virasoro Lie algebra. This is a central extension 

^ CC ^ yir ^ Der 3<; ^ 

of the Lie algebra of derivations of the field 3C of Laurent series. It has (topological) 
generators L„ = —t^^^dt,n € Z, and the central element C, with relations 

1 „ 

(3.1.2) [Ln,Lm\ = {n - m)Ln+m + Y^{n -n)6n-mC. 

The central extension splits over the Lie subalgebra Der C Der JC, topologically 
spanned by Ln,n > —1. Consider the module 

Virc = UcVir ® C. 

UDerO 

Since Der is not the Lie algebra of an affine group scheme, Virc is not strictly speaking 
a vacuum module of a Harish-Chandra pair. 

The affine group scheme Aut of all changes of coordinates on the disc fixes the 
closed point t = 0, so that L_i = —dt is not in its Lie algebra, which we denote by 
DeriO. More generally, we set 

Der „(0) = m"Der ^ eC[[t]]dt 
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and let Autn(O) C Auto(O) = Aut be the corresponding algebraic subgroups (for 
n > 0). Then we have Harish-Chandra pairs {Vir,AutnO) and the corresponding 
vacuum modules Vir^ (thus we may denote ViVc = Vir'^). 

The Virasoro algebra acts on g, via its action as derivations of 3C. In terms of our 
chosen bases this action is written as follows: 

Let Q be the resulting semidirect product Lie algebra Vir x g. Thus g has topological 
generators 

{meZ,r£g), Ln (riGZ), K,C, 

with relations as above. 

The central extension splits over the semidirect product = Der x 3(0). We let 

^+®^ C/(0+ffiCl) 

where C^^c is the one-dimensional representation of g+ © CK CC C g on which g+ 
acts by zero and K, C act by k,c. Let 

0„(O) = Der 2n(0) x 0n(O) = m^^Der x m"0(O). 

3.1.1. Remark. This normalization above, by which we pair gn(0) with Der2ra(0)! is 
motivated by the Segal-Sugawara construction, cf. Proposition 13.3.11 the Virasoro 
generators will be constructed from quadratic expressions in g. Thus in geometric ap- 
plications of the Segal-Sugawara operators the orders of trivializations or poles along 
the Virasoro (moduli of curves) directions will turn out to be double those along the 
Kac-Moody (moduli of bundles) directions (for example the quadratic Hitchin hamil- 
tonians double the order of pole of a Higgs field). 

3.1.2. The corresponding representation 

Vkc = Uk,c^ c 

C/gn(0) 

agrees with V^^c for n = 0, while for n > it is identified as the vacuum module for the 
Harish-Chandra pair (g, G„(0)) where Gn(0) = Aut2n x G„(0). We will also denote 
by G(0) the semidirect product AutO x G(0). 

The pattern of deformations and limits from Section [2.11 applies to the Kac-Moody 
and Virasoro central extensions, giving rise to two families of algebras which we denote 
Uk,\Q and Uc^fjVir. Thus for A = /u = 1 and A; = c = 0, Uk,\g = Ug{%) and Uc,^Vir = 
J7Der 3C, etc. For k = c = oo we obtain the Poisson algebras Sym;,,g and Sym^ Vir. 

We also have classical vacuum modules Vx(g) for (Symg, G(0)) and V^{Vir) for 
(Sym Fzr, Aut 0) and the interpolating families Vk^x(g) and Vc^f^{Vir). 

3.2. Vertex algebras. The vacuum representations Vk,Virc and 14, c have natural 
structures of vertex algebras, and V^,Vir'^ and V^^ are modules over the respective 
vertex algebras (see |Fljj for the definition of vertex algebras and in particular the 
Virasoro and Kac-Moody vertex algebras). 

The vacuum vector |0) plays the role of the unit for these vertex algebras. Moreover, 
all three vacuum modules carry natural Harish-Chandra actions of (Der 0, Aut 0): these 
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are defined by the natural action of Der on g, Vir and q, preserving the positive halves 
and hence giving rise to actions on the corresponding representations. These actions 
give rise to a grading operator Lq and a translation operator T = L_i = —dz € Der 0. 
The vertex algebra Vk is generated by the fields 



r{z) = Y{r,\o),z) = ^j;iz-^-' 



associated to the vectors Jli\0) £ Vk, which satisfy the operator product expansions 

[z — W)'^ z — w 

(where the ellipses denote regular terms). This may be seen as a shorthand form for 
the defining relations p.l.lj) . This structure extends to the family Vk^\. Explicitly, 
introduce the C[A, A;~^]-lattice A in Vk^x generated by monomials in = ^J°. These 
satisfy relations 



[Jl J J = ^([^^ J'Um + A( J^ j''))Sn,-m, 

or in shorthand 

[J,J] = ^(J + X{...)) 

The vertex algebra structure is defined by replacing the J operators by the rescaled 
versions J. In particular we see that we recover the commutative vertex algebra V\{q) 
when k = oo. Recall from |FBj . Ch. 15, that a commutative vertex algebra is essentially 
the same as a unital commutative algebra with derivation and grading. Thus the 
classical vacuum representations V\{q), Vir^ and V\^^{q) are naturally commutative 
vertex algebras. 

Moreover, the description as a degeneration endows Vx{q) with a vertex Poisson 
algebra structure. The Poisson structure comes with the following relations 

Likewise, the vertex algebra Virc is generated by the field 
(3.2.1) T{z) = y(L_2|0), z) = Y, Lnz-'"', 

satisfying the operator product expansion 

(-1 9 9^ T( \T( \ ^ 2r(z/;) d^Tjw) 
(3.2.2 T{z)T{w) = - + - + ••• 

[z — w)^ [z — w)^ z — w 

encapsulating the relations (|3.1.2j) . The //-deformation Vir^fj. is straightforward. The 
commutation relations for the generators L„ = -L„ read 



or simply 



[Ln, Lm] = -{n- m)Ln+m + 'n)5n, 
c c 12 



[L,L] = ^(L + M---))- 
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In the limit c = oo we obtain a vertex Poisson algebra structure on V^{q). (As a 
commutative algebra with derivation it is freely generated by the single vector L_2|0).) 
The Poisson operators L have relations 

{L,L} = L + fi{---). 

The space V^^c also carries a natural vertex algebra structure, so that Vir^ C Vk^dd) 
is a vertex subalgebra, complementary to Vfc(fl) C Vfc,c(0), which is a vertex algebra 
ideal. In particular, the vertex algebra is generated by the fields J"'{z) and T{z), with 
the additional relation 

(3.2.3) T(.),r(») = ^ + ^^ + ... 

[z — w)'^ z — w 

We may combine the above deformations into a two-parameter deformation of Vk^c- 
We introduce the C[/c~^, c~^]-lattice A in V^ c generated by monomials in J" = — 

and Ln = —Ln- These satisfy relations 
c 

[7,7] = ^(7 + A), [L,L] = ^(L + /i), [1,7] = ^7. 
fe c c 

If we impose X = fi = 0, we obtain the deformation of the enveloping vertex algebra 
Vk^c to the symmetric vertex Poisson algebra associated to g. We will denote this 
limit vertex Poisson algebra by I^o,o(0)- We may also specialize fi to 0, making the L 
generators central. Thus in this limit we have a noncommutative vertex structure on 
the Kac-Moody part, while the Virasoro part degenerates to a vertex Poisson algebra. 
Note however that if we keep fi nonzero but specialize A = 0, the Kac-Moody generators 
become commutative but not central. Hence the Kac-Moody part does not acquire a 
vertex Poisson structure, and we do not obtain an action of the Kac-Moody vertex 
Poisson algebra on ^ in this limit. 

In order to obtain a vertex Poisson structure, we need a vertex subalgebra which 
becomes central, together with a "small parameter" or direction of deformation, in 
which to take the linear term. The "generic limit" we consider is obtained by letting 
k,c —f oo, but with the constraint that our small parameter is 

X _ fi 

k c 

In other words, we take terms linear in either one of these ratios. In this limit, the 
entire vertex algebra becomes commutative, as can be seen from the relations above. 
Thus in the limit we obtain a vertex Poisson algebra, generated by L, J with relations 

{7,7} = 7 + A {L,L} = L + fx {L,J} = J. 

The resulting vertex Poisson algebra will be denoted by Vx^fj_{g), for A,/i E C. 

3.3. The Segal-Sugawara vector. To any vertex algebra V we associate a Lie algebra 
U{V) topologically spanned by the Fourier coefficients of vertex operators from V (see 
|FBj ) . This Lie algebra acts on any ^/-module. In the case of the Kac-Moody vertex 
algebra V^, the Lie algebra UiVk) belongs to a completion of the enveloping algebra 
UkS- An important fact is that it contains inside it a copy of the Virasoro algebra (if 
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k ^ —hy). In vertex algebra terminology, this means that the Kac-Moody vacuum 
modules are conformal vertex algebras. 

The conformal structure for Vfc,c is automatic. Let loy = -^-2|0) G Vk^d^)- This is a 
conformal vector for the vertex algebra Vk^do)'- the field T{z) it generates satisfies the 
operator product expansion (|3.2.2j) . and hence its Fourier coefficients Ln (see (|3.2.1|) ) 
give rise to a Virasoro action. The operator Lq is the grading operator and L_i is 
the translation operator T on Vk^c- The action of DerO induced by the L„ [n > — 1) 
preserves the Kac-Moody part Vk C Vk^c-, but the negative L^s take us out of this 
subspace. 

For level k not equal to minus the dual Coxeter number of g, the vertex algebra 
Vfc itself carries a Virasoro action, and in fact a conformal structure, given by the Segal- 
Sugawara vector. This means that we have a conformal vector us S V^Cg) C Vfc^c(g) 
such that the corresponding field satisfies the Virasoro operator product expansion 
1)3.2.21) . This conformal vector is given by 

(3-3.1) '^^ = rT^' s^^ = \Y.J'^j^^-^- 

a 

The corresponding Virasoro algebra has central charge --. In other words, 

k + hy 

Y{ujs, z) = Y^ (if e End VkM) 

and we have 

(3-3.2) [Lf, J^] = —mJ^_^_jj^, 



(3.3.3) [LlLi] = {n- m)Lf+„ + --^—^{n' - n)6n,m. 

We will continue to take the vector as the conformal vector for Vk^c, and use 
the notation Ln for the coefficients of the corresponding field T{z). Due to the above 
commutation relations, ujs is not a conformal vector for Vk^c, because Lq and L^i do 
not act as the grading and translation operators on the Virasoro generators. 

Note that the commutator J^] coincides with the right hand side of formula 
1)3. 3. 2|) . and therefore L^] is given by the right hand side of formula (|3.3.3|) . 

The above construction of the Virasoro algebra action on Vk is nontrivial from the Lie 
algebra point of view. Indeed, the operators are given by infinite sums of quadratic 
expressions in the J^, which are nonetheless well-defined as operators on Vk- 
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2(A; + /iV) 



a,n—m 



a 



m 



2{k + K^) 



1 




In fact, since this action is given by a vertex operator in V^, it follows immediately 
that any module over the vertex algebra Vk,k ^ —h"^, carries a compatible action of 
the Virasoro algebra. This may also be expressed using completions of the enveloping 
algebras of g and q. These are the completions which act on all smooth representations, 
i.e., those in which every vector is stabilized by a deep enough congruence subgroup 
Gn(0),n > 0. Namely, we define a completion of Uk^cQ as the inverse limit 



This is a complete topological algebra, since the multiplication on Uk^dd) is continuous 
in the topology defined by declaring the left ideals generated by gn(0) to be base of open 
neighborhoods of 0. We define a completion of UkQ in the same way. These completions 
contain the Lie algebras C/(Vfc,c) and U{Vk), and in particular for k ^ —hy they contain 
the Virasoro algebra generated by the Segal-Sugawara operators L^,n G Z. Hence 
any smooth representation of g or g of level k ^ —h^ inherits a Virasoro action. In 
particular, the algebra Uk^do) acts on the vacuum modules VJ}^ 

3.3.1. Proposition. For any k ^ —h^, the Segal-Sugawara operators L^,m € 
define {Vir, Aut2nO) -action of central charge c = on the vacuum modules V^} 
and V^^. Together with the action of (Q,Gn{0)), this (V ir, Aut2n^) ^action combines 
into a {q, Gn{0)) -action on V^. 

3.3.2. Proof. The action of the given by the Segal-Sugawara operators is well- 
defined on Vj^ because Vj^ is a smooth g-module. Next, we claim ■ |0)„ = for 
m > 2n — 1. For (precisely) such m, for each term : J^_^Ja,i ■ at least one of the two 
factors lies in g„(0), either immediately annihilating |0)„ or first passing through the 
other factor to annihilate \0)n, leaving a commutator of degree m which also annihilates 



Observe that 0n(O) acts locally nilpotently on V^, Der2nO acts locally nilpotently on 
0/0n(O) and Der2nO annihilates |0)n. This shows that Der2raO acts locally nilpotently 
on V/^. It follows that this action may be exponentiated to the pro-unipotent group 
Aut2n(0)- The arguments for Vj^^ are identical. 

The fact that the Vir-action on Vj^ defined by the Segal-Sugawara operators is 
compatible with the action of g follows from commutation relations (|3.3.2|) . 

3.3.3. The Segal-Sugawara singular vector. We now have two Virasoro actions on the 
representations V^^: one given by the operators Lm and one given by the operators 
L^. Moreover, both actions have the same commutation relations with the Kac-Moody 



Uk,c9 = lim Uk,cS/{Uk,ce ■ 0n(O))- 
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generators J". Their difference now defines a third Virasoro action, which has the 
crucial feature that it commutes with g. Indeed, setting = -^m — we have 

[Si,Sm] = [Li,Lm] + i[Li,L'^] - [Li,L^] - [Lf,Lm]) 
= [Li,Lm] - [Lf ,L^] 

and 

where we have introduced the notation 
(3.3.4) c, = c - 

for the central charge of the S^. 

These operators are also defined from the action of a vertex operator. Define the 
Segal-Sugawara singular vector S G V^^c as the difference S = ioy — ojs, for k / —hy. 
The corresponding field 

S(z) = S„.z-™-2 

generates the action of the Sm's on V^^. The crucial property of S is that it is a singular 
vector for the Kac-Moody action, i.e., it is g(0)-invariant: 

• S = 0, n > 0. 

In what follows we consider Vir'^ as a g-module, where C g acts by zero. By 
Proposition I.S.3.11 is also a g-module for k ^ —hy. Therefore their tensor product 
is a 0-module. 

3.3.4. Proposition. Let k,c £ C with k ^ —h^. 

(1) The action of the Sm on V^^ defines an embedding S'^^ : Vir^^ — > V^^ of 
Vir -modules. _ 

(2) S^^ is a homomorphism of Gn{0) -modules with respect to the standard action 

of Gn{0) on Vl\ and the trivial action of Gn{0) on Virl^- 

(3) There is an isomorphism of {Q,Gn{0)) -modules 

^Kc:Vi:^Vtrl2^V^^, 

such that Sfc,c(|0) ®v) = Sfc^c(^)- 

3.3.5. Proof. The morphism S^^ is uniquely determined by the requirement that it in- 
tertwine the Virasoro action on Vir'^^ with the action of the Virasoro algebra generated 
by the S m's on V^^, which annihilate the vacuum vector for m > 2n — 1. (In particular, 
for n = 0, ujv is sent to the Segal-Sugawara singular vector S = S_2 " |0)n.) To show 
that this is an embedding, note that for m < 2n — 1 the operators Lm act freely on V^"^, 
hence so do the Sm's, which have the same leading term with respect to the filtration 
on Vj^^ by the order in the Lm operators. 



GEOMETRIC REALIZATION OF THE SEGAL-SUGAWARA CONSTRUCTION 



19 



The Segal-Sugawara operators commute with the action of q. It follows that the 
subspace Sfc^cl^'i'^c") of ^kc generated by the action of the Sm's on |0)„ is 0n(O)- 
invariant, and hence G(0)-invariant. Therefore any vector v € Sfccl^i'^c") ^kc 
determines a unique g-homomorphism : F^"^ with w*(|0)„) = v. Hence 

we have a natural embedding of ^^^(^^'^c") ^^^s^^k^^kc)' therefore a g- 
homomorphism 

(3.3.5) s^^^:yn^yi^2n^^.^^ 

The fact that this is a homomorphism of Fir-modules, and therefore of g-modules, of 
this map is immediate from the formula S„ = L„ — for the Virasoro action, where 
and L„ denote the Virasoro actions on Vj^ and V^^, respectively. In particular, we 
see that the map S^^, identified with the inclusion Vir^^ |0) Vir'^'^, followed by 
s^^, is a homomorphism of G„,(0)-modules, since the actions of G„(0) fixes the vector 
|0) C 

We claim that the map ^ in ()3.3.5() is an isomorphism. By the Poincare-Birkhoff- 
Witt theorem, V^^ has a basis of monomials of the form 

"^mi • • • Jm.Lm ■ ■ ■ Lni |0)n ("^i < nj < 2n - 1), 

where we choose an ordering on the Kac-Moody and Virasoro generators. It follows 
that the same holds with the Ln^ replaced by • The map ^ acts as follows: 

(^;^\ ■■■JX |0)) ® (^"1 ■■■^n, |0)) ^ J^^ ■ ■ ■ J^\Sn, |0)„. 

Hence it is indeed an isomorphism as claimed. 

3.4. Limits of Segal-Sugawara. We would like to describe the behavior of the ho- 
momorphisms or equivalently, of the vector S G V^^ which generates them, as 
we vary the parameters k, c. In order to describe the different limits, it is convenient 
to introduce the parameters A, fi and consider the full four-parameter family Vk^c,\,iJ, 
of vertex algebras. The vector S = ajy — ^5 is a well-defined element of Vfc,c,A,^ for 
A; E C \ — /i^, c E C and A, /i G C \ 0. It has a first order pole when k = —h^, since the 

Segal-Sugawara central charge = c — ^ ^ does. It also has a second order pole 

along A = since it contains a term quadratic in the J generators, a first order pole 
along 11 = and c = 00 since it is first order in the L generators, and a first order pole 
along k = 00 since it is quadratic in the J's but divided by k + h^ . Thus in these limits 
it is necessary to normalize S by its leading term to obtain well-defined, non-zero limits 
of the map Sk,c- 

3.4.1. Critical level. We would like to specialize the vector S and morphism S^^c to the 
critical level k = —hy. Introduce the rescaled operators 

^m = {k + = {k + h''){L^ - Li), 

which are generated by the vertex operator associated to 

S = (A: + /i^)S = (A; + /i^)L_2 - S-2- 
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Thus when k = —h^, the vector S is weU-defined and equal to — 6'_2- The operators 
Em satisfy 

(3.4.1) [Ei,Em] = {k + h'^m - m)Ei^m + (^ + ^''Kfedimg) ^^3 _ ^^^^ 

Let us introduce the notation 

/Ug = h"^ dimg. 

We see that as k approaches the critical level —h"^, as the central charge of the Virasoro 
action of the §m becomes infinite, the renormalized operators §m become commuting 
elements, and moreover satisfy the Poisson relations of the classical Virasoro algebra 

Uoc^i^Vir = Sym^^ Vir. 

3.4.2. Proposition. The action of the operators defines a G{0) -invariant homo- 
morphism S^/^v^^ : Vif^^ — > ^-h^ c '^f ^Y^/ig Vir-modules. For n = 0, S_/iV ^ defines 
a homomorphism of vertex Poisson algebras Vir^^ 2.(VC_/iV to the center of the 
Virasoro-Kac-Moody vertex algebra. 

3.4.3. Proof. The morphism S"/jV ^ is defined by the universal mapping property of 

the vacuum module Vrr^^ of Sym^^ Vir. The centrality of S (and hence the map) for 

k = —hy follows from the fact that the commutators of S^, = (fc + h'^)Sn (for k ^ —h'^) 
with the Ln and are divisible by k + h"^ . That this is a morphism of vertex Poisson 
algebras is immediate from the commutation relation 1)3. 4. 

3.4.4. Infinite limit. Now we would like to study the "generic" classical limit of the 
Segal-Sugawara construction in V\^^. In order to do so we approach the plane c = 

k = oo along the direction -7 = — , which is the direction we used to define the vertex 
k c 

Poisson structure on Vx^^{q). The Segal-Sugawara operators are rescaled as follows: 
Sm = x^™' These are the Fourier modes of the vertex operator S{z) associated to the 
vector 

- 

which is regular for k ^ 0, — /i^ and c, X, fi arbitrary. In terms of the regular elements 
L and J, we have 



^^-^"2(fc|/.v)EA^,-i + 



Thus when A = the linear term drops out and we recover the symbol, —■ rT7T'^-2- 

2 {k ~\~ h ) 

The commutation relations for the Sm are as follows: 
- - A'' 

(3.4.2) = ■^[Si,S,n] 

(3.4.3) = X^{{l-m)Si^m + j^{l^-l)Si,-m + ---)- 
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We have used the relation u = -r, and that 

k 

k dim Q }? dim q 
T~kThy ~ k + K^ 

vanishes in the hmit k ^ oo. Therefore in this hmit the Sm's satisfy the relations of 
the Virasoro Poisson algebra Sym;s^^ Vir, with the bracket rescaled by A. We will refer 
to a morphism which is a homomorphism after rescaling by A as a X-homomorphism. 
We therefore obtain the following analogue of Proposition 13.4. 2t 

3.4.5. Proposition. The action of the Segal-Sugawara operators defines a X-homo- 
morphism : Vir^^ — > ^A,/^ ^/Sym;s^^ Vir-modules. The image is G{0) -invariant, 
and §>\^^ is a X-homomorphism of vertex Poisson algebras. 

4. Moduli Spaces. 

In this section we describe the spaces on which representations of the Virasoro and 
Kac-Moody algebras and their semi-direct product localize. These are the moduli 
spaces of curves, of bundles on a fixed curve and bundles on varying curves, respectively. 
We will consider these localization functors following the general formalism outlined in 
Section [21 Note that the above moduli spaces are not algebraic varieties, but algebraic 
stacks. However, as explained in |BBl IBDT] . the localization formalism is applicable to 
them because they are "good" stacks, i.e., the dimensions of their cotangent stacks are 
equal to the twice their respective dimensions. 

4.1. Moduli of bundles. Let X be a smooth projective curve over C. Denote by 
BunG(X) the moduli stack of principal G-bundles on X, and ^ the tautological G- 
bundle on the product X x BundX). (Its restriction to X x {T}, for T G BundX), 
is identified with 7.) 

Given x E X, we denote by BunG'(X, x,n) the moduli stack of G-bundles with an 
nth order jet of trivialization at x, and by BundX , x) the moduli stack of G-bundles 
with trivializations on the formal neighborhood of x (the latter moduli stack is in fact a 
scheme of infinite type). For now we fix a formal coordinate t at x, so that the complete 
local ring Ox is identified with = C[[t]]. Later we will vary this coordinate by the 
AutO-action. The group scheme G(0) acts on BundX, x) by changing the formal 
trivialization, making BundX, x) — > BunG'(X) into a G(0)-torsor. More generally 
BundX, x) BundX, x,n) is a G„(0)-torsor. 

4.1.1. Theorem. (Kac-Moody Uniformization.) 

(1) The Gn{0) action on the moduli space BundX, x) extends to a formally tran- 
sitive action of the Harish- Chandra pair (g(3<!), Gn(0)). 

(2) / |BLll IBL21 IDSij ) For G semisimple, the action of the ind-group G{%) on 
Bunc {X, x) is transitive, and there are isomorphisms 

B^^naiX, x) ~ G(3C)out\G(3C), BundX) ~ G{%Ut\G{%)/G{0). 
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4.1.2. Line bundles on BundX). We refer to |Sorj for a detailed discussion of the line 
bundles on BunG(X). They are classified by integral invariant forms on g, which also 
label the Kac-Moody central extensions of LG. The action of g on BunG{X,x) lifts 
with level one to the line bundle C given by the corresponding invariant form. This 
line bundle may be defined by using Theorem 14.1.11 from the action of the Kac-Moody 
group G{%) (the central extension splits over G{X \ x) and hence gives rise to a line 

bundle on G{X \ x)\G{'X.) = BundX, x), which descends to BundX)). 

For example, if G = SL^, the line bundle C may be identified with the determinant 
of the cohomology of the universal vector bundle ^ = *P x C" over X x Bun^ l„ (X) , 

S Ln 

deti?7r2*C; (where Tr2 '■ X x BunciX) — > BunG'(X)). This identification however is 
not canonical (it is not valid for bundles over varying curves, see Section |4.3|) . More 
generally, for any simple algebraic group G powers of C can be defined as determinant 
line bundles associated to representations of G. 

4.1.3. Localization. For every n the triple 

{Tt,m,li) = (BmiG(X,x),BunG(X,x,n),e) 

defined above carries a transitive Harish-Chandra action of (g, Gn{0)) as in Section r2.31 
Therefore we have localization functors from (g, G„(0))-modules to twisted D-modules 
on BundX, x, n) (we denote these functors by A as before). In particular, according to 
Proposition 12.4. fl (2), for the vacuum module VJ}, the sheaf A(V^"') on BunG'(X, x, n) is 
just the corresponding sheaf of twisted differential operators, which we denote uniformly 
by Dfc- Furthermore, the twist = Vg G„(o) is a sheaf of algebras on BunG(X, x,n), 
and we have a surjective homomorphism D^. 

The corresponding classical vacuum representations localize to give the Poisson 
sheaves of functions on the twisted cotangent bundles BunG'(X, x, n) = QonnQ'^ 
corresponding to C. Recall that the cotangent space T^BundX) at a bundle T is the 
space of gy-valued differentials il^{X,g-j> (g) Q). Therefore we obtain 

4.1.4. Proposition. r |Fal[ IbS] ). The twisted cotangent bundle Tj* BunG(X, x, n) is 
canonically identified, as a torsor over T* BunG(X, x, n), with the moduli stack 
Qonn G{X,x,n) of bundles with connections with a pole of order at most n at x. 

4.2. Moduli of curves. Let denote the moduli stack of smooth projective curves 
of genus g, and vr : — > OJtg the universal curve. The stack Xg is identified with 
the moduli stack 9Jtg,i of pointed genus g curves. More generally, we denote by 9?tg,i,n 
the moduli stack of pointed curves with an nth order jet of coordinate at the marked 
point, and 9Jtg,i = ^g,i,oo the moduli scheme of curves with a marked point and 
formal coordinate (i.e. classifying triples (X, x,2;), where {X,x) G '^g,i and z is a 
formal coordinate on X at x). The group scheme Aut acts on by changing the 
coordinate z, making ^g^i into an Aut 0-torsor over SJI^^i and an Aut„ 0-torsor over 

For any family of curves vr : X — > S*, we have the Hodge line bundle "K on S, defined 

by 

% = det RiT^LOx/S: 
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the determinant of the cohomology of the canonical Une bundle of X over S. By abuse 
of notation we will denote by "K the Hodge line bundle of an arbitrary family of curves. 
Over the moduli stack dJl, Mumford has shown that (for g > 1) 'K generates the Picard 
group FicTl^Z-:K. 

4.2.1. Theorem. (RSllTUYirADKPi rR] fVirasoro Uniformization.'l The AutO action 
on the moduli space ^g,i of pointed, coordinatized curves extends to a formally tran- 
sitive action of the Harish- Chandra pair (Fir, AutO) (of level Oj. The action of Vir 
lifts to an action with central charge —2 on the line bundle "K. 

4.2.2. Localization. The pattern of localization from Section f2.3l applies directly to the 
Aut„ 0-bundle — > and the Harish-Chandra pairs {Vir, Aut^ 0). Therefore 
we have localization functors from (Vir, Aut„ 0)-modules to twisted D-modules on 
'OJlg^i^n- In particular, the localization of the vacuum module Vir'^ gives us the sheaf 
of twisted differential operators on denoted by Dc, and their classical versions 
give us Poisson algebras of functions on twisted cotangent bundles. Furthermore, the 
twist Vir" = Vyjr Aut„(0) is a sheaf of algebras on 9Jig,i,rn and we have a surjective 
homomorphism Vir" Tic- 

A similar picture holds for the fibration and the pair (1/ir, DerO), 

except that DerO does not integrate to a group (only to an ind-group, see |FBj . Ch. 
5), and OJtg^i — > 9Jtg is not a principal bundle, so that the definition of localization does 
not carry over directly. Nevertheless, we obtain the desired description of differential 
operators on OJtg by first localizing Vir^ on (or 9Jtg,i,n)5 using the fact that the 

corresponding 2)-modules descend along the projection tt : OJtg^i — > 9Jtg: 

4.2.3. Proposition. The localization of the Virasoro module Virc on OJt^,! is isomor- 
phic to the pullback tt*Dc of the sheaf of twisted differential operators on 

4.2.4. Proof. By Lemma l!^.4.51 the localization A{Virc) is the quotient of A(yir^) = 
by the action of the partial vacuum representation A(yDer o.Deroo)- However, the latter 
is readily identified as the sheaf of relative differential operators, A(Vber o,Deroo) = 
2?c/OTg • Indeed the action of Der on 971^ is free and generates the relative vector 
fields on the universal curve - the OJtg twist (Der 0/Der oO)^^ is precisely the relative 
tangent sheaf of ^g,i over Tig. But the quotient of the sheaf of differential operators 
by the ideal generated by vertical vector fields is the pullback of the sheaf of differential 
operators downstairs, whence the proposition. 

4.2.5. Recall (see, e.g., |FBj ) that the space of projective structures on X is a torsor 
over the quadratic differentials H''(X, Q^"^), which is the cotangent fiber of dJlg at x. The 
Virasoro uniformization of Tig, together with the canonical identification of projective 
structures on the punctured disc with a hyperplane in Vir*, give us the following: 

4.2.6. Corollary. (IBSj) There is a canonical identification of the twisted cotangent 
bundles T^Tlg = ?roj g (for X = 12). 
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4.2.7. Similarly the twisted cotangents to the moduli ^g^i^n of curves with marked 
points and level structures are identified with the moduli "yrojg ^ ,^ of A-projective 
structures with poles at the corresponding points. 

4.3. Moduli of curves and bundles. The discussions of the moduli spaces DJtg and 
BunG'(X) above may be generalized to the situation where we vary both the curve and 
the bundle on it. Let Bunc^g denote the moduli stack of pairs (X, J"), where X is a 
smooth projective curve of genus g, and T is a principal G-bundle on X. Thus we have 
a projection 

n : Buncg — > Tig 

with fiber over X being the moduli stack Huug^X). Let Bun^ denote the moduli 
stack classifying G-bundles on pointed curves, i.e., the pullback of the universal curve 
to Buncg: 

BunG,g,i = Tlg^i X BuuG ^ Bun^g 

We denote by n'' : Bun^.g,! ^g,i the map forgetting the bundles. We let BunG^g^i_„ 
denote the moduli stack of quintuples {X, x, T, z, r) consisting of a G-bundle T with 
an nth order jet of trivialization r on a pointed curve {X, x) with 2nth order jet of 
coordinate z. We let H" : BunG,g,i,n ^g,i,2n denote the map forgetting (CP, r). For 
n = CO we obtain the moduli scheme Bunc^g of bundles with formal trivialization on 
pointed curves with formal coordinates. 

There is a natural two-parameter family of line bundles on Bunc^g . Namely, there is 
a Hodge bundle "K associated to the family of curves ttg ■ Bunc^g^i Bunc^g (which is 
the n pullback of the Hodge bundle on OJlg). The universal principal G-bundle *p lives 
on this universal curve Bunc^g^i, so we may also consider the line bundle S associated 
to the principal bundle ^. The bundle S is trivial on the section triv : 9Jlg — > Buncg 
sending a curve to the trivial G-bundle. Let L^^c = S®'^ IK®'^. For simply-connected 
G this assignment gives an identification Pic(BunG',g) = Z © Z (see |Laj ) . 

For G = SLn we may consider the determinant bundle deti?7r2*£ as before, where 
7r2 is the projection from the universal curve and <B = %ixsL„ C" is the universal vector 
bundle. The determinant of the cohomology of the trivial rank n bundle gives the nth 
power of the Hodge line bundle, while for fixed curve the determinant bundle may be 
identified with C Thus we have the Riemann-Roch identification 

deti?^2*^ = e = 

(In this case the determinant and Hodge bundles also span the Picard group.) In 
general we have determinant line bundles Lp for any representation p : G ^ SLn- 

4.3.1. Extended connections. For each A,/i € C, we have the corresponding twisted 
cotangent bundle T^^Bunc^g, which is Qonn{£jx^p) when A,/i are integral. Following 

|BZB21 iBZBlj . we will refer to points of E-xQanuQ^g = T^^Bun^^g as {X., p)- extended 
connections. Using the short exact sequence of cotangent bundles 

^ n*r*9Jlg ^ T* Bunc.g ^ T/g^Buncg ^ 
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and the description (see Proposition I4.1.4|l of the relative twisted cotangent bundle of 
Buncg, we obtain an affine projection 

(4.3.1) Exeonn^'^g^ eonn^g, 

with fibers affine spaces over quadratic differentials. Here Conn G,g denotes the moduli 
space of curves equipped with G-bundles and A-connections, which is identified as the 
relative twisted cotangent bundle 

Qonn ^ g ^ Qonn /m^x,fi 

for any /i G C (Note that Lq,^ = n*lK^ has a canonical connection relative to so 
that Qonn /gjf^A,/^ — Conn /m^Xfi any /j,.) 

4.3.2. Remark: kernel functions. See also jBZB2) where a concrete description is given 
of the identification of projective structures, connections and extended connections 
with the twisted cotangent bundles of the moduli of curves and bundles using kernel 
functions along the diagonal (in particular the Szego kernel), in the spirit of |BSj . 

4.3.3. The group schemes G„(0) act on Bunc^p, changing the coordinate z and trivi- 
alization r. This action makes Buncg into a G„(0)-torsor over Bunc^g^i^n- 

4.3.4. Theorem. (Virasoro-Kac- Moody Uniformization.) The Gn{0) -action on the 
moduli stack Jiunc g extends to a formally transitive action of the Harish- Chandra pair 
(0)G'„(O)) (of level and central charge 0). The action of g lifts to an action with level 
k and central charge c on the line bundle ^k,c- 

4.3.5. Localization. The pattern of localization from Section [2.31 again applies directly 
to Bunc^g^i^n and the Harish-Chandra pairs (fl, G„(0)). Therefore we have localization 
functors from (g, G„(0))~modules to twisted D-modules on Bunc^g^i ^. In particular, 
the localization of the vacuum module V^^ gives us the sheaf of twisted differential 
operators on Bunc^g^i.^, denoted by I'fc,^ As in Section 14.2.21 we would like to show 
that the corresponding sheaves descend along the projection ttg ■ Bun^^,! Bnncg 
to the moduli of curves and bundles itself. The argument of Proposition 14.2.31 carries 
over directly to this setting, and we obtain 

4.3.6. Proposition. The localization of the Virasoro-Kac-Moody module Vk.c on 
Bunc^g^i is isomorphic to the pullback iTQDk^c of the sheaf of twisted differential op- 
erators on Buno^g. 

Note that we now have a iuio-parameter family of line bundles ^k,c, and hence the 
pattern of deformations of Section 12.11 can be "doubled" , to match up with the picture 
of the Virasoro-Kac-Moody vertex algebra Vk^c- Thus, we introduce deformation pa- 
rameters A, ^ coupled to the level and charge k, c. This defines a four-parameter family 
of algebras D\^fj_{£jk,c)i to which the analogous quasi-classical localization statements 
apply. 
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5. The Segal-Sugawara Homomorphism. 

In this section we apply the techniques of Lie algebra localization and vertex algebra 
conformal blocks to the Segal-Sugawara construction from Section |31 We interpret 
the result as a homomorphism between sheaves of twisted differential operators on 
the moduli stacks introduced in the previous section, and as heat operators on spaces 
of nonabelian theta functions. Various classical limits of this construction will be 
considered in the next section. 

5.1. Homomorphisms between sheaves of differential operators. Let /c,c G C 
with k / —h"^. Let ^kc~'^gG (O) sheaf on BuuG^g^i^n obtained as the twist of 

the vacuum module Vj^^ over (0,G„(O)) following the construction of Section ITU By 
Proposition 12.4. H this is a sheaf of algebras, equipped with a surjective homomorphism 
to the sheaf of (A:, c)"twisted differential operators A(V^"^) = Vk^c- 

According to Corollary 12.4.31 the subspace of invariants (V^^)'^"''^'' S^^^ ^^^^ 
global differential operators on Buncg^i^n- Unfortunately, for k ^ —h^ the space 
(^aTc)'^"^'^^ is one-dimensional, spanned by the vacuum vector. However, the Segal- 
Sugawara construction provides us with a large space of invariants for the smaller 
group Gn(0) C G„(0). Namely, by Proposition I3..S.41 the Gn(0)-invariants contain a 
copy of the Virasoro vacuum module S" : Vir'^^ ~^ (^kc)^"^^^- ^'^^ ^^^^ ^^^^ 
to obtain a homomorphism — > H^D^^c of sheaves on 9Jtg^i.2n- The first step is the 
following assertion. 

Consider Vir^^ as a g-module by letting g act by zero. Then the twist Vir^^ = 
becomes a sheaf of algebras on 9Jtg,i,2n- 

5.1.1. Proposition. There is a homomorphism of sheaves of algebras on 97tg,i,2n; 

5.1.2. Proof Note that the map §" : Vir'^'^ (^/Tc)'"^"'''^^ ^ homomorphism of 
Gn(0)-modules (where the subgroup G„(0) of Gn(0) acts by zero). Hence its gives 
rise to a homomorphism of the corresponding twists by the Gn(0)--torsor Bun^g — > 
BunG,g,i,„, 

(5.1.1) B^G,g X y^r^^" > ^G,g X {Vkcf"^'^^ > 

^Vl, = B^nG,g X y,^,. 

BunG,9,i,„ 

The first two sheaves are pullbacks from 9Jtg^i^2n- Indeed, since the actions of Gn{0) 
on Vir'^2 and iy^^)^"^^^ factor through Aut2n 0, their twists depend only on the 
associated Aut2n 0-torsor, which is nothing but the H"-pullback of the Aut2n 0-torsor 
■K2n '■ ^g,i ^g,i,2n- Therefore the maps 1)5.1. 1|) may be written as 

m*yir!: (H")*(V^,J^"(0) VI,. 
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By adjunction, we obtain the following maps on Tlg^i^2n- 

We claim that these sheaves are algebras and these maps are algebra homomorphisms. 
The third term is the pushforward of an algebra, hence an algebra. The first term is 
the twist of the vacuum module for (Vir, Aut2n 0), so its algebra structure comes from 
Proposition 12.4. Tl Next, note that the Harish-Chandra pair (0,G„(O)) acts on 97tg,i 
through the quotient {Vir, Aut2n 0), so that the Aut2n 0-twist of the G„(0)-invariants 
in V^^ may be rewritten in terms of the semidirect product G„(0): 

Thus as in Proposition 12.4. ll the sheaves (V^^)^"^'^^ '^^ ^9,i,2n or Bunc^g^i^n are natu- 
rally sheaves of algebras. This structure is clearly compatible with that on II^V^^. 

Finally, the maps Vir^^ ~^ ^kc induced from the homomorphism U{Virci^) 
Uk^cQ into the completion of the enveloping algebra of q. This homomorphism maps the 
subalgebra UDei to the left ideal generated by the Lie subalgebra 0n(O)- Hence 
we obtain a homomorphism of the corresponding vacuum modules, because can be 

defined as the quotient of the completed algebra C/fc,c0 by the left ideal generated by 
the Lie subalgebra 0n(O)- It follows that the map Vir^^" — > {VI J'^"^'^^ above respects 
algebra structures. More precisely, this map comes from the above homomorphism 
of enveloping algebras by passing to the normalizers of ideals on both sides, hence it 
remains a homomorphism. 

5.1.3. By Proposition 15 . 1 . Jl we have a diagram of algebra homomorphisms on ^g^i^2n, 

i i 

We wish to show that the homomorphism ^ descends to the sheaves of twisted dif- 
ferential operators. It will then automatically be a homomorphism of algebras of dif- 
ferential operators. 

5.1.4. Theorem. The homomorphism S^^ of descends to a homomorphism of algebras 

5.1.5. Spaces of coinvariants. Equivalently, we need to show that up on Hunc^g^i^n, the 
morphism (n"')*Vzr"^ ^ ^kc descends to (n")*Dc^ — > I'fc.c, since the morphism on 
^9,1, 2n is obtained from the former by adjunction. 

If we apply the Virasoro-Kac-Moody localization functor A on BunG,g,i,n to the 
(g, Gri(0))-modules Vir'^'^ and V^,, we obtain the desired sheaves {ir^)*1)c^ and V^ c- 
However, the embedding Vir'^^ ~^ ^k,c of Proposition 13.3.41 is not a homomorphism 
of g-modules: it intertwines the Virasoro action on Vir^^ with the action on Vk^c of 



.(0 



-9,1 



k,c) 
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the Virasoro algebra generated by the S^s, not the -L^'s. Because of that, it is not 
immediately clear that the map Vir^^ — > Vk^c gives rise to a morphism of sheaves 
(n"')*Dcj. — > D/cc- III order to prove that, we must use Theorem 15.1.61 below to pass 
from Lie algebra coinvariants to vertex algebra coinvariants. 

Let us recall some results from [FBj on the spaces of (twisted) coinvariants of vertex 
algebras. 

Let y be a conformal vertex algebra with a compatible g-structure (see |FBj . Section 
6.1.3). This means that V carries an action of the Harish-Chandra pair (g, G(0)), 
such that the action of the Lie algebra g is generated by Fourier coefficients of vertex 
operators. In particular, our vacuum modules Vk,c and ViVc are examples of such vertex 
algebras. 

Given a vertex algebra of this type, we define its space of twisted coinvariants as 
in |FBj . Section 8.5.3. Namely, let i? be a local C-algebra and (X, x, J") an ii-point 
of Bunc^g, i.e., a pointed curve {X,x) and a G-bundle on X, all defined over Speci?. 
Then X carries a natural G(0)-bundle J", whose fiber over y & X consists of pairs 
(z, t), where z is a formal coordinate at y and t is a trivialization of 7 over the formal 
disc around y. 

Set 

= $ V. 

G{0) 

This vector bundle carries a flat connection, and we define the sheaf h{V^^ (S> il) as the 
sheaf of zeroth de Rham cohomology of V'^ ^ fl. The vertex algebra structure on V 
makes this sheaf into a sheaf of Lie algebras. In particular, the Lie algebra U'^{'Vx) 
of sections of h{'V''^ (g) Q) over the punctured disc is isomorphic to the Lie algebra 
U{V) topologically spanned by the Fourier coefficients of all vertex operators from V. 
It acts on Vj, the fiber of at x. 

Let W^^JVx) be the image of the Lie algebra r{X\x,h{V^ ® Q)) in C/^(V^) = 

T{D^,h{V^^n)). The space H''^{X, x,V) of twisted coinvariants of V is by definition 
the quotient of by the action of U"^-^^ {Vx ) . 

Let A''^ be the Atiyah algebroid of infinitesimal symmetries of T. We have the exact 
sequence 

^ 0^ ^ yi^ ^ ex ^ 0, 

where 0''' is the sheaf of sections of the vector bundle IP x 0. 

G 

When V = V^^cj the Lie algebra U'^{Vk^c,x) contains as a Lie subalgebra a canonical 
central extension of the Lie algebra T{Dx , A'^) (it becomes isomorphic to if we choose 



a formal coordinate at x and a trivialization of IPId^)- Also, the Lie algebra UZ~^ (Vk^c,x) 



contams 

Q^,, = T{X\x,A^) 

as a Lie subalgebra (it is isomorphic to Vect(X\x) x (g) C[X\x]). 

Likewise, in the case when V = Virc, U'^CViVc^x) contains the Virasoro algebra, 
and U'^\^^{Virc,x) contains the Lie algebra Vect(X\x) of vector fields on X\x. The 
homomorphism Vivc^. Vk^ of vertex algebra induces injective homomorphisms of Lie 
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algebras 

(since the action of g on Vir^ is trivial, the Lie algebras on the left do not depend on T). 
Note that though the Segal-Sugawara vertex operator is quadratic in the generating 
fields of Vfc^c) the elements of U'^^^iyivc^.^x) (and other elements of U'^^^^iyx)) cannot 
be expressed in terms of the Lie subalgebra q^^^ of C^^\^^(V/c c,x)- Nevertheless, we have 
the following result which is proved in |FBj . Theorem 8.3.3 (see also Remark 8.3.10). 

5.1.6. Proposition. For any smooth Q^-module M (which is then automatically a 
U'^{yk,c,x)~'>^odule), the space of coinvariants of M by the action of U'^-^,^{'Vj^^c,x) is 
equal to the space of coinvariants of M by the action of q^^^ . 

5.1.7. Proof of Theorem \5.1.4\ Fix an i?-point {X, x, z, T, t) of Bunc^g^i^^, i.e., a pointed 
curve (X, x), a 2n-jet of coordinate z at x, a G-bundle T and an n-jet of trivialization 
t of T at X, all defined over the spectrum of some local C-algebra R. Let f be a vector 
in the fiber of the sheaf "^ir^^ over the i2-point {X,x,z) of ^g,i,2m which lies in the 
kernel of the surjection Vir'^'^ln — > !Dcj.|_r. In order to prove the theorem, it is sufficient 
to show that the image of v in the fiber of the sheaf ^ over the i?-point {X, x, z, T, t) 
of BunG,g,i,n belongs to the kernel of the surjection V^^\r — > ffc.di?- 

But according to jFBj . Lemmas 16.2.9 and 16.3.6, the kernel of the map Vir^"|/j — > 
Dcfc \r is spanned by all vectors of the form s ■ A, where A € Vir^"|/j and s £ Vect(X\x) 
(so that Dc,.\r is the space of coinvariants of Vir^"|/j with respect to Vect(X\x)). 
Likewise, the kernel of the map V^dj? '^k,c\B. is spanned by all vectors of the form 
/ • B, where B G c\r ^^'^ f ^ flout (so that Dfe^dfl is the space of coinvariants of 
'^IJr ■^ith respect to Qont)- 

So we need to show that the image of a vector of the above form s • j4 in is in 

the image of the Lie algebra flout . But by Proposition 15 . 1 . 51 the space of coinvariants of 

c\r "^ith respect to flout is equal to the space of coinvariants of with respect to 

U^s^^CVk^cx)- This implies the statement of the theorem, because according to the dis- 
cussion of Section [5. 1.51 U'^'^^{Vk,c,x) contains the image of Vect(X\x) C Ux\x{'^''-'>^Ck,x) 
Lie subalgebra. 

5.1.8. Descent to The homomorphism of Theorem 15. 1.41 mav be used to describe 
differential operators on the moduli of unmarked curves and bundles, IT : Bun^ ^ dJtg. 
To do so we first localize the corresponding "vacuum" representations Virc,. and V^^c 
on BunG,g,i and 9?tg,i and then descend. 

5.1.9. Corollary. There is a canonical homomorphism Dc^. — > n^,!)^. ^ of sheaves of 
algebras on Tig. 
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5.1.10. Proof. We will construct a morphism of sheaves n*Dcj. — > on Bunc^g, 
which gives rise to the desired morphism on 9Jlg by adjunction. This map furthermore 
is constructed by descent from Bunc^ i. By Proposition 14.2.31 and Proposition 14.8.61 
the sheaves Ac,,{Virc,.) and A/c^c(Vfc,c) on Tlg^i and Bunc^g^i are identified with vr*I'cj. 
and TTgDfc^c- Moreover these identifications are horizontal with respect to the relative 
connections inherited by the pullback sheaves. We now need to construct a map between 
the pullback of 7r*Dcj. to Bunc^g^i and vr^Tifc^c which is flat relative to ttq and hence 
descends to Bunc^g. 

This morphism Sk,c niay be constructed directly following Theorem 15.1.41 or by 
applying the change of vacuum isomorphism Lemma 12.4.51 to the homomorphism ^. 
The connection along the curve ttg ■ Bunc^g^i Buncg is deduced (by passing to 
subquotients) from the action of L_i € Der on the vacuum modules Virc,^ and Vk^c, 
which are compatible under the Segal-Sugawara homomorphism (see Proposition lH.^.'!]) . 
Hence the morphism is horizontal along this curve and descends to Bunc^^^i. 

The morphism S^^c on is a homomorphism, since it is obtained by reduction (by 
change of vacuum, see Lemma I2.4.5j) from the corresponding homomorphism ^ on 

5.2. Tensor product decomposition. By applying localization to the isomorphism 
of (fl,G(0))~modules 

5k,c ■■ Vk ® Virl^ ^ Vk,c 
of Proposition 13. 3. 'H we obtain an isomorphism 

Asfc,e : A(T4 ® Virf^) ^ A(y,, 

However, the functors of coinvariants and localization are not tensor functors. Since 
Vfc is a fl-submodule of Vfc,c! we obtain a natural map A(Vfc) — >■ A(Vfc^c)- The local- 
ization A(Vfc) is naturally identified with the sheaf ffc/gm C f/t^c of relative differential 
operators. We now use the homomorphism S/t c to lift the Virasoro operators to 

5.2.1. Theorem. There is an isomorphism of sheaves on ^Mg^i^2n, 



compatible with the inclusions of the two factors as subalgebras o/H^D^^c- 

5.2.2. Proof. Consider the isomorphism of (g, G„(0))-modules 

c 

of Proposition 13.3.41 Twisting by the Gn(0)-torsor Bun^g — > Bunc^g^i^n we obtain an 
isomorphism 

" 

of sheaves. This morphism restricts to S^^ on |0) ® Vir'^'^, and hence descends to an 
isomorphism 

u^M^vir^^^uyi,. 



Thus we see that H^V^ ^ is generated by its two subalgebras n"V^ and Vir^^ . 
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The inclusion Vk —>■ Vk^c of g-modules gives rise to a natural algebra inclusion 

from the sheaf of twisted differential operators relative to the moduli of curves 9Jtg,i,2n 
to the full sheaf of twisted differential operators. We define the map 

as one generated by the homomorphisms from n^Dy^/OT ^'^^ '^ck to IT^Dk^c- 
This map is surjective because it comes from the composition 



which is surjective because the first map is an isomorphism by ProDosition l3.3.41 and the 
second map is surjective by definition. It remains to check that this map is injective. 
We have a commutative diagram 



For an i2-point of Bunc^g^i^^ as in the proof of Theorem 15. 1.4| the kernel of the right 

7" I 



vertical map over Speci? is the image of the action of the Lie algebra g^ut ™ '^fc cl^ 



Vfc|i?®Vir2«|«. But 

Bout • i^kk ® Vir^^lR) C (bL • Vk\R) Virl^lR + ® (g^ ' ^ir^"]^), 

and so the right hand side is in the kernel of the projection V^j/jCS Vir^"|^ (A(y^"') ® 
A(yir^"))|/j. This proves that our map is injective and hence an isomorphism. 

5.2.3. Remark. The theorem may be applied to describe differential operators on the 
moduli of curves and bundles without level structure, following Theorem 15.1.91 How- 
ever, it is known ( |BDlj l that for k ^ —h^, there are no non-constant global twisted 
differential operators on BunG'(X), in other words, n^^D^/grjj = Osrrtg. Thus in this case 
the pushforward of twisted differential operators D^^c to OJtg is simply identified with 
the differential operators Dc^. on OJtg. 

5.3. Heat operators and projectively fiat connections. Let vr : M ^ S" be a 

smooth projective morphism with connected fibers and L ^ M a, line bundle. Let 
be the sheaf of twisted differential operators on L. 

5.3.1. Definition. A heat operator on L relative to vr is a lifting of the identity map 
id : Qs — > ©5 to a sheaf homomorphism "K : 65 — > '^*'Dl,<1s to differential operators, 
which are of order one along S, such that the corresponding map @s '^*'^z,<is/^s 
is a Lie algebra homomorphism. 

Suppose that the sheaf Tr^^iL is locally free, i.e., is a sheaf of sections of a vector bundle 
on S. Then a heat operator gives rise to a projectively flat connection on this vector 
bundle (see |Wl IBKI ITVl] ) . 
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Consider the morphism 11 : Bunc^^ ^Xflg. Recah that C = L^fi is the hne bundle on 
BunG,3 whose restriction to each BunG(^) is the ample generator of the Picard group 
of BunG'(X). For any k € Z_|_ the sheaf II^C'^ is locally free, and its fiber at a curve 
X E Tig is the vector space H°(BunG(X),e*^) of non-abelian theta functions of weight 
k. It is well-known that the corresponding vector bundle (which we will also denote by 
n*C'^), possesses a projectively flat connection |Hi2l IFall IBKj . This connection may be 
constructed using a heat operator on Q^. 

5.3.2. Theorem. f |BKp For any k>0 the sheaf H^^Q^ on dJlg possesses a unique flat 
projective connection given by a heat operator on Q^. 

5.3.3. The existence and uniqueness of this projective connection are deduced for XL 
satisfying the vanishing of the composition 

and the identification vr^D^/^ = 0^. The connection was also constructed by Hitchin 
|Hi2j and Faltings Fal by different means. 

The connection on non-abelian theta functions has been explicitly identified in |Laj 
with the connection on the (dual of) the space of conformal blocks for the basic inte- 
grable representation Lfc(0) of g at level k S Z_|_. The latter connection, known as the 
KZB or WZW connection (and specializing to the Knizhnik-Zamolodchikov connection 
in genus zero), is defined following the general procedure of |FBj . Ch. 16. Namely, for 
any conformal vertex algebra V we defined a twisted D-module of coinvariants on DJtg. 
Its fibers are the spaces of coinvariants H{X,x,V) (see Section [5.1.5() . and the action 
of the sheaf Dc of differential operators (where c is the central charge of V) comes from 
the action of the Virasoro algebra on V. In our case, we take as V the module Li^(q). 
For any positive integer k this module is a conformal vertex algebra with central charge 
c{k) = kdimQ/{k + /i^), with the conformal structure defined by the Segal-Sugawara 
vector. In this case the sheaf of coinvariants is locally free as an O~module, and so it is 
the sheaf of sections of a vector bundle with a projectively flat connection. The sheaf 
of sections of its dual vector bundle (whose fibers are the spaces of conformal blocks 
of Li:(q)) is therefore also a twisted D-module, more precisely, a ©.^(fcj-module. The 
corresponding projectively flat connection on the bundle of conformal blocks is the KZB 
connection. 

On the other hand, in Theorem 15 . 1 . 41 we produced homomorphisms S^q : CD_c(^.) — > 
n^Dfc^o- Their restrictions Sa,.,o|<i to (I'-c(fc))<i give us heat operators on C'^ = ^Jk,o- 
But the sheaf 11*6'^ is isomorphic to the sheaf of conformal blocks on corresponding 
to Li^(q) |BL 1 1 IKNRI IFa21 ITej . Under this identification, the projectively fiat connection 
on n*S*' obtained from the heat operators Sfc,ol<i tautologically coincides with the KZB 
connection, because both connections are constructed by applying the Segal-Sugawara 
construction. Thus, we obtain 

5.3.4. Proposition. 

(1) For every k G Z_|_, the heat operator defining the projectively flat connection on 
the sheaf of non-abelian theta functions over'^g is given by the restriction 

of the Segal-Sugawara map Sfc,o|<i : (^-c(A;))<i ~^ n^D^^o- 
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(2) For any n, ^1q\<i gives heat operators defining a projectively flat connection 
on n^iLfc c(fc) over Tlg^i^2n- 

(3) Under the identification between II^C'^ and the sheaf of conformal blocks on OJtg^i 
corresponding to the integrable representation ofQ of level k and highest weight 
0, the KZB connection on the sheaf of conformal blocks is given by the heat 
operators §a:,oI<i on . 

In the same way we obtain heat operators for any level structure (where the mor- 
phisms n"' are no longer projective). Note also that we can replace C'^ by XL^c for 
any integer c, which have isomorphic restrictions to BundX) for any X, and obtain 
analogous projectively flat connections. 

6. Classical Limits. 

In this section we describe the limits of the (suitably rescaled) Segal-Sugawara opera- 
tors at the critical level k = — /i^, and in the classical limit /c, c ^ oo. In the former case 
the algebra of twisted differential operators Dc^. degenerates into the Poisson algebra of 
functions on the space of curves with projective structure, and the construction gives 
twisted differential operators on Buncg which are vertical (i.e. preserve BundX) for 
fixed X) and commute. We identify these operators with the quadratic part of the 
Beilinson-Drinfeld quantization of the Hitchin system. When the level and charge be- 
come infinite, both sides of the construction become commutative (Poisson) algebras, 
and the Segal-Sugawara construction is interpreted as a map from the moduli of ex- 
tended connections to the moduli of projective structures or quadratic differentials. We 
interpret this map as defining a symplectic connection over the moduli of pointed curves 
on the moduli spaces of connections with arbitrary poles. We also sketch the interpre- 
tation of this connection as a new Hamiltonian form of the equations of isomonodromic 
deformation. 

6.1. The Critical level. Recall that we assume throughout that the group G is simply- 
connected. 

By the general formalism of localization (Proposition 12.4.11) . we have an algebra ho- 
momorphism (Vj^)'^^'^^ — > r(BunG'(X, x, n), D^) from the G(0)-invariants of the vac- 
uum (which are the endomorphisms of the vacuum representation) to global differential 
operators on the moduli of bundles. For general k this gives only scalars, but at the 

critical level k = — /i^ the space V^^^^ becomes very large. In jFFj (see also (FrTHFr^ V 

G(0) 

Feigin and Frenkel identify the algebra ^_^v canonically with the ring of functions 
C[OpQv{D)] on the space of opers on the disc, for the Langlands dual group of G. 
Opers, introduced in |BDlj by Beilinson and Drinfeld, are G'^-bundles equipped with a 
Borel reduction and a connection, which satisfies a strict form of Griffiths transversality. 
For = PSL2 (so G = SL2), opers are identified with projective structures Troj {X). 
In fact for arbitrary G there is a natural projection (DpQv{X) Vroj {X), which iden- 
tifies the space of opers with the affine space for the vector space HitchG(X) induced 
from the affine space yroj{X) for quadratic differentials H°(X,Jl|2) C HitchG(X). 
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(Similar considerations apply to any level vacuum representations V^", replacing regu- 
lar opers by opers with singularities, which form an affine space for the meromorphic 
version of the Hitchin space.) 
Thus there is a homomorphism 

Beilinson and Drinfeld show that this homomorphism factors through functions on 
global opers C[OpQv{X)], is independent of the choice of x G X used in localization, 
and gives rise to an isomorphism 

C[OpgAX)] =r{BnnG(,X),V_^,.). 

We wish to compare the restriction of this homomorphism to the subalgebra C[yroj (X)] 
of C[OpQv{X)] with the critical level limit of the Segal-Sugawara construction. Let 
OpQv Tig denote the moduli stack of curves with G^-opers. 
Recall the notation fig = hy dimg. 

6.1.1. Theorem. 

(1) For c € C, the homomorphism (k + h'^)S'^^ is regular at k = — /i^, defining an 
algebra homomorphism 

r ^v,, : o(r;^9Jt,,i,2„) K'^-h-,c. 

(2) The homomorphism S^h^^^c is the restriction of the Beilinson-Drinfeld homo- 
morphism to projective structures: we have a commutative diagram 

I T 

6.1.2. Proof. As described in Section Hi. 4. II (see Proposition I3.4.2|) . the rescaled Segal- 
Sugawara operators Sm = {k + /i^)Sm are regular at fc = — /i^, and define a homomor- 
phism of vertex algebras. We may now repeat the constructions of Section [S] leading 
to Theorem 15 . 1 . 41 for the rescaled Sugawara operators. Note that the classical vacuum 
representations Virfj,^ are (commutative) vertex algebras - the vertex Poisson structure 
is not used in the definition of coinvariants - and for commutative vertex algebras, the 
comparison of coinvariants for a generating set and the algebra it generates is obvious. 
Identifying the localization of Vir^^ with 0{T*^Tlg^i^2n) = ^(J'roj 2n)) 'we obtain 
the first assertion. 

Moreover, by Section 13.4.11 the critical Segal-Sugawara homomorphism factors as 
follows: 

(since S = — 5_2 lands inside V-h^ C y_/,v (,). It follows that the localized map on 
twisted differential operators also factors through the localization of T^-^v , which is the 
sheaf of relative differential operators. Thus the critical Segal-Sugawara construction 
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is part of the localization of the G(0)-invariants in the vacuum representation, giving 
the Beilinson-Drinfeld operators. 

6.2. Infinite level. Recall from Section |1] (see Proposition 14.1.1)) that the C-twisted 
cotangent bundle of the moduli stack of bundles BunG'(X) is isomorphic to the moduli 
stack Qonn ciX) of bundles with regular connections on X, while the twisted cotangent 
bundle of the moduli of bundles with n-jet of trivialization BunG'(X, x, n) is the moduli 
ConnG{X,x,n) of connections having at most n-th order poles at x. Similarly, we 
may consider moduli BunG'(X, xi, . . . , Xm, ni, . . . , rim) of bundles with several marked 
points and jets of coordinates, whose twisted cotangent bundles are identified with 
moduli of connections with poles of the corresponding orders. As elsewhere, we restrict 
to the one-point case for notational simplicity though all constructions carry over to 
the multipoint case in a straightforward fashion. 

By virtue of their identification as twisted cotangent bundles, the moduli of mero- 
morphic connections on a fixed curve carry canonical (holomorphic) symplectic struc- 
tures. As we vary X and x, the moduli stack ConnQgi^ forms a relative twisted 
cotangent bundle to BunG,g,i^n over Tlg^i^2n- To obtain a symplectic variety, we con- 
sider the absolute twisted cotangent bundles of Bunc^^^i^^. The twisted cotangent 
bundle corresponding to the line bundle XL^.^ is the moduli of extended connections 

Qonn Buna g I „i^\tj-) ~ ^^^^"''^G g i n defined in Section In the limit of infinite 
level the sheaves of twisted differential operators on Bunc^g^i^n and Tlg^i^2n degenerate 
to the commutative (and hence Poisson) algebra of functions on the moduli of extended 
connections and projective structures, respectively. Therefore it is convenient to rein- 
terpret the infinite limit of the Segal-Sugawara homomorphism as a morphism between 
these moduli spaces (rather than a homomorphism between the corresponding algebras 
of functions), and examine its Poisson properties. 

As in Section [3.4.41 we let /c,c ^ oo by introducing auxiliary parameters A,^ with 
X Li 

— = — . Then the homomorphism — S? is regular as k,c ^ oo, as is (for A 7^ 0) the 

k c k ' 

isomorphism ^ : ® ^^^1^ ~^ ^kc- i^v^s. obtain classical limits of Theorem l5.1.4l 
and Theorem 15.2.11 

Let Quadg 1 „ = T*Tlg^i^n and HiggS(5,g,i,„ = TJ^^ ^ BunG,g,i,n denote the moduh 
stacks of curves equipped with a quadratic differential and bundles with Higgs field, 
having at most n-th order pole at the marked point, respectively. Let Hitchc^g^i^^ 
denote the target of the Hitchin map for Higgsgr^^ i.e., 

1 

HitchG,g,i,n = 0r(X,Q(nx)'^'+^), 

i=l 

where £ = rankg and di is the ith exponent of g. 

Recall from Section 13.4.41 that a commutative algebra homomorphism of Poisson 
algebras (and the corresponding morphism of spaces) is called X-Poisson if it rescales 
the Poisson bracket by A. 

6.2.1. Theorem. 
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lifting W : BunG,g,i,n ^g,i,2n- 
(2) For A 7^ 0, there is a canonical (non-affine) product decomposition over the 
moduli of curves 



6.2.2. Proof. As in Theorem 16.1.11 the construction of the classical Segal-Sugawara 
homomorphism Sx^^ is identical to the proof of Theorem 15.1.41 appealing to Propo- 
sition 13.4.51 for the description of the rescaled vertex algebra homomorphism. The 

localization of Vir^ is 0{T*^)ytgA,2n) and that of Vx^^ is 0{TI ^Bunc,g,i,2n), while 
the Poisson bracket is rescaled by A, by Proposition 13.4.51 The homomorphism S^_^ 
of Obuiig g-algebras defines, upon taking Spec over the moduli of curves, a morphism 
r^^Buncg i„ — > T^^dytg^i^2n relative to 9?tg,i,2n! hence the geometric reformulation. 

The morphism in (2) is given in components by the natural projection ()4.3.1|) from 
extended connections to connections and the map H"^. The spaces £xConn^''^ ^ ^ and 
"Proj g^^2n ^ Qonn q g are both torsors for quadratic differentials over Qonn G,g,i,n- 

It follows from the explicit form of the classical Segal-Sugawara vector that the result- 
ing map of torsors over the space of connections is an isomorphism (up to rescaling by 
A). Equivalently, the assertion (2) is the classical limit of Theorem 15.2.11 and may be 
proved identically, replacing 5^ ^ by its rescaled version. 

— Th '2iTL 71/ Tl Tl 

For X = fi = 0, the image of Sqo • ^^^o ~^ ^oo ^^^^ strictly in 1/q C Vqq. It 
follows that the image of (D{T*Tlg^i^2n) = 0(Quadg x,2n) ™ ^{T* BunG,g,i,n) consists 
of functions which are pulled back from TJ^^j^ ^ _^ Bunfj g i „. Therefore the map IIqq 
descends to TJ^^y^ ^ ^ BunG,g,i,n- Restricting to fibers over a fixed curve X we obtain a 

map T* Buna ix ',x,n) T*mg^i^2n\x = H°(X, 02(2nx)). 

The quadratic Hitchin map is the map T* BundX, x, n) — > H°(X, (2nx)) sending 

a Higgs bundle {7, i]), rj € H'^(X, (g) Q{nx)) to - tirj'^. Using the pairing on Lq, this 
is identified with the map defined by the Segal-Sugawara vector 




T*BunG,g,l,n 

i 

HiggSG,g,l,n 




Quadgi_2n 

T 

HitchG,g,l,n 



Hitch 




a,-l 



a 
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as desired. 

6.2.3. Remark. In |BZBlj . the product decomposition (2) is described concretely in 
terms of kernel functions along the diagonal (the necessary translation from vertex 
algebra language to kernel language is described in Chapter 7 of |FBj ) . Moreover, it is 
related, for 7^ 0, to the classical constructions of projective structures on Riemann 
surfaces using theta functions due to Klein and Wirtinger. Composing the projection 
Hx^fj, with the canonical meromorphic sections of the twisted cotangent bundles over 
Buncg given by non-abelian theta functions (see also 1>Z1>2 ). this gives a construction 
of interesting rational maps from the moduli of bundles to the spaces of projective 
structures, and more generally, opers. 

Now we discuss various applications of the above results. 

6.2.4. The Bloch-Esnault-Beilinson connection. Let X — S be a smooth family of 

curves, and E a vector bundle on X. The vector bundle E defines a line bundle Q{E) 

on S, the C2-line bundle defined in |Dej (whose Chern class is the pushforward of C2{E)) 

which differs from the determinant of cohomology of E by the nth power of the Hodge 

line bundle on S. In fact, this line bundle is identified canonically with the pullback of 

C to 5 from the map S — > Bun^g classifying E and X (see |BKj ). Bloch-Esnault and 

Beilinson |BEj construct a connection on Q{E) from a regular connection V x/s on E 

relative to S. It is easy to see that this connection can be recovered from Theorem l6.2.1l 

(2) (more precisely, its straightforward version for G = GL„ and unpointed curves). 

Let A = = 0, so that = S and Qonn (C) = E.xQonn\fg over Bunc^g. We have 

a decomposition Conn (C) = Qonncn x r*9Jl„, and hence a canonical lifting from 

an, 

Qonncg to Conn(C), lying over the zero section of T*9Jlg. When pulled back to S 
by the classifying map S — Qonncg of (£■, Vx/5), this gives a connection on Q{E) 
over S. The compatibility with the construction of Bloch-Esnault-Beilinson follows 
for example from the uniqueness of the splitting Conncg — > E-xGonnQ^^, due to the 
absence of one-forms on 971^. 

6.2.5. The Segal-Sugawara symplectic connection. Suppose / : ^ M is a smooth 
Poisson map of symplectic varieties. It then follows that N carries a flat symplectic 
connection over M, i.e., a Lie algebra lifting of vector fields on M to vector fields on 
N (defining a foliation on N transversal to /), which preserve the symplectic form on 
fibers (see |GLSj for a discussion of symplectic connections). Namely, we represent local 
vector fields on M by Hamiltonian functions, pull back to functions on N and take the 
symplectic gradient. The Poisson property of / guarantees the flatness and symplectic 
properties of the connection. (In the algebraic category, this defines the structure of ID- 
scheme or crystal of schemes on N over M, compatible with the symplectic structure.) 

The morphism 11^^ of Theorem 16 . 2 . II is such a Poisson morphism of symplectic vari- 
eties, and hence defines a symplectic connection (or crystal structure) on £xConn^'^ ^ ^ 
over '?rojgi2n- When // = we may reduce this connection as follows. First we re- 
strict to the zero section 9Jlg,i,2n ^ "Proj g^i^2n the cotangent bundle to obtain a 
connection on E^xConuQ^^^^ over 9Jtc,,i,2n- Next, the connection respects the product 
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decomposition Theorem lH.2.1[ (2) relative to 97tg,i,2n) so that we obtain a flat symplectic 
connection on the moduli space Conn G,g,i,n of G-bundles with connections over the 
moduli 9Jtg,i,2n of decorated curves (with respect to the relative symplectic structure): 

6.2.6. Corollary. The projection 11" q defines aflat symplectic connection on the mod- 
uli stack Conn G,g,i,n over Tlg^i^2n- 

6.2.7. Time-dependent hamiltonians. The structure of flat symplectic connection on a 
relatively symplectic P ^ M variety can also be encoded in a closed two-form Vt on P, 
restricting to the symplectic form on the fibers. The connection is then defined by the 
null-foliation of Vt. If P is locally a product, then this structure can be encoded in the 
data of Hamiltonian functions on P that are allowed to depend on the "times" M. Thus, 
following [M] , we may consider the data of such a form as the general structure of time- 
dependent (or non-autonomous) Hamiltonian system. In our case P = Conn G,g,i,n, 
we thus have three equivalent formulations of a non-autonomous Hamiltonian system, 
with times given by the moduli 971^ i 2n of decorated curves: the Hamiltonian functions 

Q (or more precisely the functions on Conn G,gA,n obtained from local vector fields 
on 9JIg,i,2ni considered as linear functions on r*9Jtg^i^2n); the symplectic connection 
induced by H^q; and the two-form Vt on Conn Q^g^i ^ obtained by restricting the sym- 
plectic form on ExConn^Pg ^ ^ under the embedding (as in Section [6.2.411 along the zero 
section of T*dJlg^i^2n- 

6.3. Isomonodromy. In this final section, we describe the algebraic definition of 
isomonodromic deformation of arbitrary meromorphic connections over the moduli 
of decorated curves and sketch its identification with the Segal-Sugawara symplectic 
connection (as well as the compatibility with the analytic iso-Stokes connections of 
|JMUl iMal IBoj ) . We thus obtain an algebraic time-dependent Hamiltonian description 
of the isomonodromy equations. It also follows that the isomonodromy Hamiltonians 
are classical limits of the heat operators defining the KZB equations, and are non- 
autonomous deformations of the quadratic Hitchin hamiltonians. 

6.3.1. Isomonodromic deformation. The moduli spaces of G-bundles with regular con- 
nection Conn^g carry a flat connection (crystal structure) over the moduli of curves, 
namely the connection of isomonodromic deformation or nonabelian Gauss-Manin con- 
nection (see [SIl)- This connection is a manifestation of the topological description of 
connections with regular singularities on a Riemann surface as representations of the 
fundamental group, which does not change under holomorphic deformations. Namely, 
given a family X — > S" of Riemann surfaces and a bundle with (holomorphic, hence flat) 
connection on one fiber X, there is a unique extension of the connection to nearby fibers 
so that the monodromy representation does not change. The families of connections 
relative to S one obtains this way are uniquely characterized as those families which 
admit an absolute flat connection over j£, the total space of the family. This is captured 
algebraically in the crystalline interpretation of flat connections: a flat connection on 
a variety admits a unique flat extension to an arbitrary nilpotent thickening of the 
variety. Thus algebraically one defines families of flat connections relative to a base to 
be isomonodromic if they may be extended to an absolute flat connection. It follows 
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that the moduli spaces of flat connections on varieties carry a crystal structure over the 
deformation space of the underlying variety - the nonabelian Gauss-Manin connection 
of Simpson Si . 

More generally, there is an algebraic connection (crystal or D-scheme structure) on 
the moduli stack of QonnG,g,i,n of meromorphic connections over curves with formal 
coordinates, which is the pullback of Qonn G,g,i,n to the moduli of pointed curves with 
coordinates This connection is defined by "fixing" connections around their poles 

and deforming them isomonodromically on the complement, combining the crystalline 
description of isomonodromy and the Virasoro uniformization of the moduli of curves. 
Namely, given a family {X,x,t) € 9Jlg^i(5') of pointed curves with formal coordinate 
over 5, the spectrum of an Artinian local ring, and a connection (J", V) on the special 
fiber X with pole at x of order at most n, we must produce a canonical extension of 
(T, V) to X. As explained in |FBj . Ch. 15, p. 282, any such deformation {X,x) of 
pointed curves is given by "regluing" X\x and the formal disc around x using the 
action of Aut3C(S'). 

More precisely, we fix an identification of X\x with x S and "glue" it to x S 

using an automorphism of the punctured disc over S. Now, given (T, V), we define an 
(absolute) flat connection on X by extending our connection (J, V) trivially (as a 
product, with the trivial connection along the second factor) onto {X\x) x S and onto 
Dx X S. Note that since the connection on the nilpotent thickening X \ x ~ {X \x) x S 
of X\x is flat, it is uniquely determined by (J", V), independently of the trivialization of 
the deformation - is the isomonodromic deformation of (T, ^)\x\x over S (in particular 

the stabilizer of {X,x) in Aut3C(5) does not change the deformed connection.) This 
defines the isomonodromy connection on 9?tg,i. 

6.3.2. Proposition. The Segal-Sugawara symplectic connection on Qonn G,g,i,n over 
'^g,i,2n pulls hack to the isomonodromy connection on Qonn G,g,i,n- 

6.3.3. Proof. The compatibility between the two connections follows from the local de- 
scription of the isomonodromy connection through the action of Aut % on meromorphic 
connections, and the description of the classical Segal-Sugawara operators as the cor- 
responding Hamiltonians. Namely, recall from {FB; that the ind-scheme Qonn g{D^) 
of connections on the trivial G-bundle on the punctured disc is identified with gj, 
the level one hyperplane in the dual to the affine Kac-Moody algebra. Moreover, this 
identification is equivariant with respect to the natural actions of G(3C) and Aut3C, 
describing the transformation of connections under gauge transformations and changes 
of coordinates. These actions are Hamiltonian, in an appropriately completed sense. 
Namely, the Fourier coefficients of fields from the vertex Poisson algebra Vi{q) form the 
Lie subalgebra of local junctionals on g* in the Poisson algebra of all functionals on g^ . 
By the Segal-Sugawara construction, this Lie algebra contains as Lie subalgebra Der % 
(as the Fourier coefficients -L„ of the classical limit of the conformal vector), thereby 
providing Hamiltonians for the action of Aut %. The construction of the isomonodromy 
connection on QJl^^i above is expressed in local coordinates (as a flow on meromorphic 
connections on the disc at x) by this action of Aut3C on connections. Likewise, the 
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Segal-Sugawara connection is defined by Hamiltonian functions, whicli are reductions 
of the classical Segal-Sugawara operators to Qonn G,g,i,n- Thus the compatibility of the 
two connections is a consequence of the local statement. 

6.3.4. Remark: analytic isomonodromy and Stokes data. In the complex analytic set- 
ting, one can extend to irregular connections the description of regular-singular con- 
nections by topological monodromy data, by introducing Stokes data describing the 
transitions between asymptotic fundamental solutions to the connection in different 
sectors. One can thereby define an "iso-Stokes" generalization of the isomonodromy 
equations, i.e., an analytic symplectic connection on moduli of irregular holomorphic 
connections (see [rnvrTTllM^ and recently (EHEj). Thus, one has an isomonodromic 
deformation with more "times" than just the moduli of pointed curves (one may also 
vary the most singular term of the connection) . 

It is easy to see our algebraic isomonodromic connection (with respect to motions of 
pointed curves) agrees with the analytic one. Since we can choose the gluing transfor- 
mations in Aut % used to describe a given deformation to be convergent rather than 
formal, it follows that we are not altering the isomorphism type of the connection on 
a small analytic disc around x, and hence all Stokes data are automatically preserved. 
Thus it follows that the iso-Stokes connection on Conn G,g,i,n is in fact algebraic. 

6.3.5. Conclusion: KZB, isomonodromy and Hitchin. It follows from Proposition 16 .3 . !21 
and Theorem 16 . 2 . II that the moduli spaces of meromorphic connections carry algebraic 
isomonodromy equations, which form a time-dependent Hamiltonian system. More- 
over, the isomonodromy hamiltonians are non-autonomous deformations of the qua- 
dratic Hitchin hamiltonians (see also fKr' ) . Most significantly, it follows that the heat 
operators ^ defining the KZB connection on the bundles of conformal block quantize 

the isomonodromy Hamiltonians S^g. This makes precise the picture developed in P 
and |LOj of the non-stationary Schrodinger equations defining the KZB connection on 
conformal blocks as quantizations of the isomonodromy equations or non-autonomous 
Hitchin systems. In genus zero we thus generalize the result of |Res[ IHarj that the 
KZ connection on spaces of conformal blocks on the n-punctured sphere, viewed as a 
system of multi-time-dependent Schrodinger equations, quantizes the Schlesinger equa- 
tion, describing isomonodromic deformation of connections with regular singularities 
on the sphere, which itself is a time-dependent deformation of the Gaudin system (the 
Hitchin system corresponding to the n-punctured sphere). In genus one we obtain a 
similar relation between KZB equations, the elliptic form of the Painleve equations and 
the elliptic Calogero-Moser system as in |LUj . 
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